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Abstrat
We study non-abelian dierentiable gerbes over staks using the theory of Lie
groupoids. More preisely, we develop the theory of onnetions on Lie groupoid G-
extensions, whih we all onnetions on gerbes, and study the indued onnetions
on various assoiated bundles. We also prove analogues of the Bianhi identities. In
partiular, we develop a ohomology theory whih measures the existene of onne-
tions and urvings for G-gerbes over staks. We also introdue G-entral extensions of
groupoids, generalizing the standard groupoid S1-entral extensions. As an example,
we apply our theory to study the dierential geometry of G-gerbes over a manifold.
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1 Introdution
The general theory of gerbes over a site was developed by Giraud [26℄. Its main motivation is
the study of non-abelian ohomology theory. Indeed, Giraud's theory shows, in partiular,
that S1-bound gerbes over a manifold are in one-one orrespondene with the third integer-
oeients ohomology group of the manifold. Due to this fat, gerbes are often referred to,
in the literature, as geometri realizations of degree 3 integer ohomology lasses. Reently,
string theory [24, 57, 58℄ fostered the study of the dierential geometry of gerbes. The
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dierential geometry of S1-bound gerbes over manifolds  Murray named them bundle
gerbes [42℄  was investigated by many authors among whom Brylinski [18℄, Murray
[42℄, Chatterjee [19℄ and Hithin [28℄. A theory of onnetions, urvings and 3-urvatures
was developed, whih was used to dene the harateristi lasses, alled Dixmier Douday
lasses, of bundle gerbes [42℄.
However, the dierential geometry of the more general non abelian gerbes is a subtler
question. For bundle gerbes, a onnetion is dened to be a onnetion 1-form for the usual
prinipal S1-bundle satisfying some additional property [42, 28℄. However, as non abelian
G-gerbes an no longer be onsidered prinipal G-bundles, the obvious generalization won't
work, and it is not lear what a onnetion on a non abelian gerbe should be.
Breen-Messing were the rst to study the dierential geometry of non abelian gerbes.
Their important approah relies on the use of Koks' syntheti geometry [34℄ as a tool
to study the dierential geometry of non abelian gerbes from an algebrai geometry per-
spetive. They introdued the onepts of onnetions, urvings and 3-urvatures and ob-
tained various identities between them. Later on, Ashieri-Cantini-Jur£o investigated a
non abelian analogue of bundle gerbes from a more physial point of view [2℄. Yet another
interesting approah pioneered by Baez-Shreiber [3, 4, 5, 49℄ is to use higher gauge theory
[6, 23, 47, 27℄. As was shown by Breen [11, 12℄, a G-gerbe is equivalent to a 2-group bundle
in the sense of Dedeker [22℄, where the 2-group is the one orresponding to the rossed
module G→ Aut(G) (see [25℄ for a geometrial onstrution). Hene, a onnetion on a
G-gerbe should orrespond to a onnetion on the 2-group prinipal bundle. The latter is
the viewpoint adopted by Baez-Shreiber [4, 5℄. See also [36℄ for the ase of bundle gerbes.
The aim of this paper is to propose an approah based on Lie groupoid extensions to study
geometry of non abelian dierentiable gerbes. It is based on the theory of dierentiable
staks developed in [7, 8℄ (see also [43℄). Roughly speaking, dierentiable staks are Lie
groupoids up to Morita equivalene. Any Lie groupoid Γ denes a dierentiable stak: the
dierentiable stak XΓ of Γ-torsors. Two dierentiable staks XΓ and X
′
Γ are isomorphi
if, and only if, the Lie groupoids Γ and Γ′ are Morita equivalent. In a ertain sense, Lie
groupoids are like loal harts on a dierentiable stak. The relation between dierentiable
gerbes and Lie groupoids is desribed by the following table, whose right hand side lists
the main topis investigated in this paper.
Stak language Groupoid Language
dierentiable staks Morita equivalent Lie groupoids
gerbes over staks Morita equivalent groupoid extensions
G-gerbes over staks Morita equivalent groupoid G-extensions
G-bound gerbes over staks Morita equiv. groupoid G-extensions with trivial band
Our approah has the advantage of avoiding abstrat staks by working diretly with Lie
groupoids, whih are muh more down-to-earth. Moreover it allows us to use the usual
tehniques of dierential geometry and formulate our results in a global fashion without
resorting to loal harts. Suh a viewpoint has already been taken by a few authors. For
example, by Murray [42℄ and Murray-Stevenson [44℄ in their study of bundle gerbes and
in the proof of their theorem onerning stable equivalene lasses. For equivariant bundle
gerbes, see [24, 41, 54℄. In [7, 8℄ and [10℄, S1-bound gerbes over dierentiable staks were
studied in terms of S1-entral extensions of Lie groupoids, and the harateristi lasses
of gerbes, i.e. the Dixmier-Douady lasses, were introdued in terms of onnetion-like
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data. This perspetive is also entral in a series of work of Moerdijk [45, 46℄; in partiular,
[45℄ explores the deep onnetion between the lassiation of extensions of regular Lie
groupoids, Giraud's non abelian ohomology [26℄ and subsequent work of Breen [13℄.
In this paper, we develop a theory of onnetions on groupoid extensions, whih we all
onnetions on gerbes. A onnetion on a groupoid extension X1 → Y1 ⇒ M is an
Ehresmann onnetion on the ber bundle φ : X1 → Y1, whih is ompatible with the
groupoid struture on X1 ⇒M . More preisely, a onnetion on a Lie groupoid extension
X1
φ
−→ Y1 ⇒M is a horizontal distribution H on X1
φ
−→ Y1 whih is also a subgroupoid of
the tangent groupoid TX1 ⇒ TM . For S
1
-entral extensions, suh a onnetion is auto-
matially a onnetion for the prinipal S1-bundle X1
φ
−→ Y1, i.e. it is invariant under the
ation of S1. This is in agreement with the denition of onnetions in [7, 8, 56℄, whih
oinides with the one used by Brylinski (who uses the name onnetive strutures) [18℄,
Murray [42℄ and Hithin [28℄. However, in general, although φ : X1 → Y1 is a bi-prinipal
K-K-bundle, where K is the kernel of φ, the horizontal distribution dening a groupoid ex-
tension onnetion is not invariant with respet to either K-ation of the prinipal bundle.
We also introdue the notion of urvings and 3-urvatures for G-extensions. Finally, a oho-
mology theory is developed that measures the obstrutions to the existene of onnetions
and urvings.
We now desribe the ontents of this paper in more details.
Setion 2 realls some basi denitions and notions entral to this paper. These inlude
groupoid extensions, Morita equivalene of Lie groupoid extensions, and generalized mor-
phisms of Lie groupoid extensions. Given a groupoid extension X1
φ
−→ Y1 ⇒ M , let
K = kerφ be its kernel. The outer ation is a anonial groupoid morphism from Y1 ⇒M
to Out(K,K)⇒M , whih is essential to the denition of the band of a groupoid extension.
Setion 3 is devoted to the study of G-gerbes, or more preisely, groupoid G-extensions.
The notion of band is introdued, whih is a prinipal Out(G)-bundle (or an Out(G)-
torsor) over the groupoid Y1 ⇒ M . Groupoid G-extensions with trivial band  they are
alled G-bound extensions in the paper  are emphasized and related to the so alled
groupoid G-entral extensions, a natural generalization of groupoid S1-entral extensions
[56, 7, 8℄. A one-one orrespondene between groupoid G-entral extensions and Z(G)-
entral extensions is proved. As a speial ase, we onsider G-gerbes over a manifold, i.e.
groupoid G-extensions of a eh groupoid, where the non-abelian eh 2-oyle onditions
as in [14℄ arise naturally. In partiular, we derive, by a diret argument, the following non-
trivial theorem of Giraud: the isomorphism lasses of G-bound gerbes over a manifold N
are in one-one orrespondene with H2(N,Z(G)).
Setion 4 is devoted to the study of onnetions on groupoid extensions. As usual, we give
three equivalent denitions: horizontal distributions, parallel transportations, and onne-
tion 1-forms. We then disuss the indued onnetions on the bundle of groups K →M and
its orresponding bundle of Lie algebras K → M . We also prove analogues of the Bianhi
identities.
In Setion 5, we prove that a onnetion on a groupoid extension indues a anonial
onnetion on its band. We disuss the relations between the urvatures of various in-
dued onnetions, and in partiular we derive an important formula whih expresses the
urvature on the band in terms of the urvature on the group bundle K →M .
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In the last Setion, we develop a ohomology theory, alled horizontal ohomology in the
paper, whih aptures the obstrution to the existene of onnetions and urvings. In a
ertain sense, this is a generalization of smooth Deligne ohomology [18℄ to the non-abelian
ontext. This ohomology is shown to be invariant under Morita equivalene, and hene de-
pends only on the underlying gerbe. We then ompute expliitly the horizontal ohomology
groups for G-gerbes over a manifold. As a onsequene we show that onnetions always
exist on any G-gerbe over a manifold. Finally we introdue at G-gerbes and prove that in
the ase of entral extensions they are in one-one orrespondene with at Z(G)-gerbes.
After the present paper was ompleted, we learned that non-abelian gerbes were also
investigated by Stevenson [53℄ from a dierent viewpoint. The relation between our ap-
proah and Breen-Messing's [14℄ is reently explored in [15℄. An expliit orrespondene
between G-gerbes and [G → Aut(G)]-bundles is onstruted geometrially in [25℄. Non-
abelian gerbes have also appeared in many reent works in deformation quantization
[16, 17, 30, 31, 32, 33, 21, 48, 59, 60℄. We hope that our theory will be useful in un-
derstanding the geometry underlying these works.
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2 Dierentiable gerbes as groupoid extensions
2.1 Lie groupoid extensions
The purpose of this setion is to set up the basi notions of dierentiable gerbes in terms
of Lie groupoid extensions. Some materials here might be standard for experts [11, 45℄.
Denition 2.1. A Lie groupoid extension is a morphism of Lie groupoids
X1
φ //

Y1

M M
where φ is a bration.
For short, we denote a groupoid extension simply by X•
φ
−→ Y• or X1
φ
−→ Y1 ⇒M .
The kernel of a Lie groupoid extension X•
φ
−→ Y• is the preimage K (or ker φ) in X1 of
the unit spae of Y•. It is obviously a subgroupoid of X• on whih the soure and target
maps oinide making it into a bundle of groups over M . Alternatively, we an dene a
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Lie groupoid extension as a short exat sequene of Lie groupoids
K //
pi

pi

X1
φ //
t

s

Y1
t

s

M M M
(1)
where K ⇒ M is a Lie groupoid whose target oinides with the soure, i.e. a bundle of
Lie groups.
There are a few important features that deserve to be pointed out. First K ⇒ M is a
subgroupoid of X1 ⇒ M . Therefore we an multiply an element of X1 by a omposable
element of K from both the left and the right. These two ations ommute and the quotient
spae by any of these ations is Y1. Thus X1 → Y1 is a K-K prinipal bibundle.
Seond, the groupoid X1 ⇒M ats on K →M by onjugation. More preisely, any x ∈ X1
indues a group isomorphism
Adx : Kt(x) → Ks(x); g 7→ x · g · x
−1,
where the multipliation on the right hand side stands for the produt on X1.
2.2 Morita equivalene of Lie groupoid extensions
Let Γ1 ⇒ Γ0 be a Lie groupoid, and J : P0 → Γ0 a surjetive submersion. Let P1 denote
the bered produt P0 ×J,Γ0,s Γ1 ×t,Γ0,J P0. Then P1 ⇒ P0 has a natural struture of Lie
groupoid with struture maps s : P1 → P0 : (p, x, q) 7→ p, t : P1 → P0 : (p, x, q) 7→ q,
and m : P2 → P1 : ((p, x, q), (q, y, r)) 7→ (p, xy, r). This is alled the pullbak groupoid
of Γ1 ⇒ Γ0 through J and is denoted by Γ1[P0] ⇒ P0. Reall that a morphism of Lie
groupoids J from P1 ⇒ P0 to Γ1 ⇒ Γ0 is said to be a Morita morphism if J : P0 → Γ0
is a surjetive submersion and P1 ⇒ P0 is isomorphi to the pullbak groupoid of Γ1 ⇒ Γ0
through J . Two Lie groupoids Γ1 ⇒ Γ0 and ∆1 ⇒ ∆0 are said to be Morita equivalent
if there exists a third Lie groupoid P1 ⇒ P0 together with a Morita morphism from
P• to Γ• and a Morita morphism from P• to ∆• [45℄. Equivalently, two Lie groupoids
Γ1 ⇒ Γ0 and ∆1 ⇒ ∆0 are Morita equivalent if there exists a manifold P0, two surjetive
submersions P0
f
−→ Γ0, P0
g
−→ ∆0 and an isomorphism of groupoids between Γ1[P0] ⇒ P0
and Γ1[P0]⇒ P0.
Note that there is a 1-1 orrespondene between Morita equivalene lasses of Lie groupoids
and (equivalene lasses of) dierentiable staks [7, 8℄.
Now we are ready to introdue the denition of Morita equivalene of groupoid extensions.
Denition 2.2. A Morita morphism f from a Lie groupoid extension X ′1
φ
−→ Y ′1 ⇒M
′
to another extension X1
φ
−→ Y1 ⇒M onsists of Morita morphisms
X ′1

f // X1

M ′
f
//M
and Y ′1

f // Y1

M ′
f
//M
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suh that the diagram
X ′1
φ′

f // X1
φ

Y ′1

f // Y1

M ′
f
//M
(2)
ommutes.
It is simple to see that any Morita morphism of Lie groupoids
X ′1

f // X1

M ′ //M
suh that
f(kerφ′) = ker φ (3)
indues a Morita morphism between the groupoid extensions X ′•
φ′
−→ Y ′• and X•
φ
−→ Y•. The
onverse is also true.
Denition 2.3. Two Lie groupoid extensions X1
φ
−→ Y1 ⇒ M and X
′
1
φ′
−→ Y ′1 ⇒ M
′
are
said to be Morita equivalent if there exists a third extension X ′′1
φ′′
−→ Y ′′1 ⇒M
′′
together
with a Morita morphism from X ′′
•
φ′′
−→ Y ′′
•
to X•
φ
−→ Y• and a Morita morphism from
X ′′
•
φ′′
−→ Y ′′
•
to X ′
•
φ′
−→ Y ′
•
.
Equivalently, two Lie groupoid extensions X1
φ
−→ Y1 ⇒M and X
′
1
φ′
−→ Y ′1 ⇒M
′
are Morita
equivalent if there exists a manifold P , two surjetive submersions P
pi
−→M , P
pi′
−→M ′ and
an isomorphism of Lie groupoid extensions between X1[P ]
φ
−→ Y1[P ] ⇒ P and X
′
1[P ]
φ′
−→
Y ′1 [P ]⇒ P .
One easily heks that this yields an equivalene relation on Lie groupoid extensions. Morita
equivalene an also be dened in terms of bitorsors [29℄.
Reall that a Lie groupoid Γ1 ⇒ Γ0 is said to at on a manifold P (from the left) if there
exists a map J : P → Γ0, alled the momentum map, and an ation map Γ1 ×t,Γ0,J P →
P : (x, p) 7→ x · p suh that x1 · (x2 · p) = (x1x2) · p and J(p) · p = p, for all (x1, x2, p) ∈
Γ1×t,Γ0,sΓ1×t,Γ0,JP . Let Γ1 ⇒ Γ0 be a Lie groupoid andM a manifold. A (left) Γ•-torsor
over M is a manifold P together with a surjetive submersion pi : P →M alled struture
map and a left ation of Γ• on P suh that the ation is free and the quotient spae
Γ1\P is dieomorphi to M . In other words, for any pair of elements p1, p2 in P satisfying
pi(p1) = pi(p2), there exists a unique solution x ∈ Γ1 to the equation x · p1 = p2. A Γ•-∆•-
bitorsor is a manifold P together with two smooth maps f : P → Γ0 and g : P → ∆0,
and ommuting ations of Γ• from the left and of ∆• from the right on P , with momentum
maps f and g respetively, suh that P is at the same time a left-Γ•-torsor over ∆0 (via
g) and a right ∆•-torsor over Γ0 (via f ).
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Proposition 2.4. Let Γ• and ∆• be two Lie groupoids. There exists a Γ•-∆•-bitorsor if
and only if Γ• and ∆• are Morita equivalent.
Proof. This is a standard result. We will sketh a proof here, whih is needed later on.
⇒ Choose a bitorsor P0. Let P1 be the bered produt Γ1 ×t,Γ0 P0 ×∆0,s ∆1. There is a
natural groupoid struture on P1 ⇒ P0. The soure and target maps are dened by
s(γ, p, δ) = p and t(γ, p, δ) = γ · p · δ. (4)
Hene a pair (γ1, p1, δ1), (γ2, p2, δ2) of elements of P1 is omposable if and only if γ1 ·p1 ·δ1 =
p2. The produt is dened by
(γ1, p1, δ1) · (γ2, p2, δ2) = (γ2γ1, p1, δ1δ2). (5)
One heks that the maps
Γ1 ← P1 → ∆1
γ−1 ← [ (γ, p, δ) 7→ δ
indue Morita morphisms
Γ1

P1oo //

∆1

Γ0 P0oo // ∆0
.
Indeed, the maps
P1 → ∆1[P0] : (γ, p, δ) 7→ (p, δ, γpδ)
and
P1 → Γ1[P0] : (γ, p, δ) 7→ (p, γ
−1, γpδ)
indue the required Lie groupoid isomorphisms between P1 ⇒ P0 and the pull-baks of ∆•
and Γ• over P0.
⇐ This follows from the following two fats.
• If Γ• → ∆• is a Morita morphism, then P = Γ0×∆0,s∆1 is naturally a Γ•-∆•-bitorsor.
• If P is a Γ•-∆•-bitorsor and Q is a ∆•-E• -bitorsor, then (P ×∆0 Q)/∆1 is a Γ•-E•-
bitorsor.
Proposition 2.5. Let X1
φ
−→ Y1 ⇒M and X
′
1
φ′
−→ Y ′1 ⇒M
′
be two Lie groupoid extensions
with kernels K and K′ respetively. Then X•
φ
−→ Y• and X
′
•
φ′
−→ Y ′
•
are Morita equivalent
if and only if there exists an X•-X
′
•
-bitorsor B suh that the orbits of the indued ations
of K and K′ on B oinide and the orresponding orbit spae is a manifold.
A bitorsor as in the above proposition will be alled an extension φ•-φ
′
•
-bitorsor. We
refer the reader to [8, 51℄ for the disussion on Morita equivalene of S1-entral extensions.
The proof of this proposition will be postponed to the next setion.
Remark 2.6. There is a 1-1 orrespondene between Morita equivalene lasses of Lie
groupoid extensions and (equivalene lasses of) dierentiable gerbes over staks.
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2.3 Generalized morphisms of Lie groupoid extensions
The material here is parallel to Setion 2.1 in [51℄ and follows the approah in [29℄, to
whih we refer the reader for details.
Denition 2.7. A strit morphism of groupoid extensions is a ommutative diagram
as below, where the horizontal arrows are groupoid homomorphisms:
X ′1
φ′

f // X1
φ

Y ′1

f // Y1

M ′
f
//M
(6)
and, for any m′ ∈ M ′, the restrition of f : X ′1 → X1 to a map kerφ
′|m′ → ker φ|f(m′) is
an isomorphism.
In partiular, Morita morphisms of groupoid extensions are strit homomorphisms of
groupoid extensions.
Denition 2.8. Let X1
φ
−→ Y1 ⇒M and X
′
1
φ′
−→ Y ′1 ⇒M
′
be two Lie groupoid extensions
with kernels K and K′ respetively. A generalized morphism of groupoid extensions
from X ′1
φ′
−→ Y ′1 ⇒M
′
to X1
φ
−→ Y1 ⇒M is a X
′
•
-X• bimodule M
′ f←− B
g
−→M (i.e. B is a
X ′
•
-left spae and X•-right spae and the X
′
•
and X• ations ommute) satisfying
1. B is a X•-torsor, and
2. the indued ations of K and K′ on B are free, and their orbits oinide so that the
orresponding orbit spae is a manifold.
It is easy to see that, in this ase, K\B = B/K′ is a generalized morphism from Y ′1 ⇒M
′
to Y1 ⇒M .
Lemma 2.9. Strit homomorphisms of groupoid extensions are generalized homomor-
phisms.
Proof. Let f be a strit homomorphism of groupoid extensions from X ′1
φ′
−→ Y ′1 ⇒ M
′
to
X1
φ
−→ Y1 ⇒M . Set Bf =M
′×f,M,sX1, where Bf →M
′
is (m′, x) 7→ m′, and Bf →M is
(m′, x) 7→ t(x). The left X ′
•
-ation is given by x′ · (t(x′), x) = (s(x′), f(x′)x) and the right
X•-ation is given by (m
′, x1) ·x2 = (m
′, x1x2). It is simple to see that the indued ations
of kerφ′ and ker φ on B are free and their orbits oinide. The orresponding orbit spae
is the manifold M ′ ×f,M,s Y1. This onludes the proof.
Just like strit homomorphisms, generalized homomorphisms of groupoid extensions an
be omposed.
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Proposition 2.10. LetM ′′
f ′
←− B′
g′
−→M ′ be a generalized morphism of groupoid extensions
from X ′′1
φ′′
−→ Y ′′1 ⇒ M
′′
to X ′1
φ′
−→ Y ′1 ⇒ M
′
, and M ′
f
←− B
g
−→ M a generalized morphism
of groupoid extensions from X ′1
φ
−→ Y ′1 ⇒ M
′
to X1
φ
−→ Y1 ⇒ M , their omposition is the
generalized morphism of groupoid extensions from X ′′1
φ′′
−→ Y ′′1 ⇒ M
′′
to X1
φ
−→ Y1 ⇒ M
given by the X ′′
•
-X•-bimodule
B′′ = (B′ ×M ′ B)/X
′
1,
where X ′1 ⇒M
′
ats on B′ ×M ′ B diagonally: (b
′, b) ·x′ = (b′ ·x′, x′−1b), for all ompatible
x′ ∈ X ′1 and (b
′, b) ∈ B′ ×M ′ B. In partiular, if both M
′ f←− B
g
−→M and M ′′
f ′
←− B′
g′
−→M ′
are bitorsors, the resulting omposition is a φ• − φ
′′
•
-bitorsor.
Moreover, the omposition of generalized morphisms is assoiative.
As a onsequene, we obtain a ategory, where the objets are groupoid extensions and the
morphisms are generalized homomorphisms of groupoid extensions. Invertible morphisms
exatly orrespond to Morita equivalene of groupoid extensions. As usual, we an deom-
pose a generalized homomorphism of groupoid extensions as the omposition of a Morita
equivalene with a strit homomorphism.
Proposition 2.11. Any generalized homomorphism of groupoid extensions M ′
f
←− B
g
−→M
from X ′1
φ′
−→ Y ′1 ⇒ M
′
to X1
φ
−→ Y1 ⇒ M an be deomposed as the omposition of
the anonial Morita equivalene between X ′• → Y
′
• and X
′
•[B] → Y
′
• [B], with a strit
homomorphism of groupoid extensions from X ′•[B]→ Y
′
• [B] to X• → Y•.
Proof. Denote by X ′1[B] −→ Y
′
1 [B] ⇒ B the pull pak extension of X
′
1 −→ Y
′
1 ⇒ M
′
via
the surjetive submersion B
f
−→M ′. Then the projetion from X ′
•
[B]→ Y ′
•
[B] to X ′
•
→ Y ′
•
is a Morita morphism, whih indues a Morita equivalene between these two groupoid
extensions.
As in the proof of Proposition 2.4, onsider the ber produt X ′1 ×t,M ′ B ×M,s X1. Thus
X ′1×t,M ′B×M,sX1 ⇒ B is a Lie groupoid, where the soure, target, and multipliation are
given by Eqs. (4) and (5). Introdue an equivalene relation in X ′1 ×t,M ′ B ×M,s X1 ⇒ B
by (x′, b, x) ∼ (x′k′, b, k−1x), i k′b = bk, where k′ ∈ K′
s(b) and k ∈ Kt(b). It follows from a
diret veriation, using Eqs. (4) and (5), that the groupoid struture on X ′1×t,M ′ B×M,s
X1 ⇒ B desends to the quotient and X
′
1×t,M ′B×M,sX1 → (X
′
1×t,M ′B×M,sX1)/ ∼⇒ B
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is a groupoid extension. Moreover, one has the following ommutative diagram
X ′1[B]

X ′1 ×t,M ′ B ×M,s X1oo

// X1

Y ′1 [B]

(X ′1 ×t,M ′ B ×M,s X1)/ ∼oo

// Y1

B Boo //M
(b, (x′)−1, x′bx)

(x′, b, x)oo

// x

(b, φ′((x′)−1), x′bx)

[x′, b, x]oo

// φ(x)

b boo // g(b)
(7)
where the left arrow is an isomorphism of groupoid extensions, while the right arrow is a
strit homomorphism of groupoid extensions.
This onludes the proof of the proposition.
Now we are ready to prove Proposition 2.5.
Proof. ⇒ As in the proof of Lemma 2.9, M ′
f
←− Bf
g
−→ M is indeed a φ′• − φ•-bitorsor.
Thus the onlusion follows from Proposition 2.10.
⇐ Note that sine M ′
f
←− B
g
−→ M is a bitorsor, the right arrow in diagram (7) is indeed
Morita morphism.
2.4 The outer ation
Let G and H be any Lie groups. We dene Iso(G,H) as the set of group isomorphisms
G
f
←− H. Let Adh ∈ Aut(H) denote the onjugation by h ∈ H. The map
Iso(G,H) ×H → Iso(G,H) : (f, h) 7→ f ◦Adh
denes an ation of H on Iso(G,H). The quotient of this ation is Out(G,H) onsisting of
outer isomorphisms fromH to G. Sine, for all f ∈ Aut(G) and g ∈ G, f ◦Adg = Adf(g) ◦f ,
the set Out(G,G) is a Lie group whih will be denoted by Out(G).
For any group bundle G → M , let Iso(G,G) =
∐
m,n∈M Iso(Gm,Gn), where Gm stands for
the group ber of G at the point m. Similarly, Out(G,G) =
∐
m,n∈M Out(Gm,Gn).
The following proposition is obvious.
Proposition 2.12. 1. The maps s : Iso(G,G) →M : (Gm
f
←− Gn) 7→ m, t : Iso(G,G) →
M : (Gm
f
←− Gn) 7→ n and m : Iso(G,G) ×t,M,s Iso(G,G) → Iso(G,G) : (Gm
f
←−
Gn,Gn
g
←− Gp) 7→ (G|m
f◦g
←−− G|p) endow Iso(G,G)
s
⇒
t
M with a groupoid struture.
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2. These maps desend to the quotient Out(G,G), yielding a groupoid Out(G,G)⇒M .
3. The quotient map Iso(G,G)→ Out(G,G) is a groupoid morphism.
Denition 2.13. Let Γ1 ⇒M be a Lie groupoid and G →M a bundle of Lie groups over
the same base.
1. An ation by isomorphisms of Γ1 ⇒M on G →M is a Lie groupoid morphism
Γ1 //

Iso(G,G)

M M
.
2. An ation by outer isomorphisms of Γ1 ⇒M on G →M is a Lie groupoid morphism
Γ1 //

Out(G,G)

M M
.
Proposition 2.14. Let X1
φ
−→ Y1 ⇒M be a Lie groupoid extension with kernel K. Then,
1. the groupoid X1 ⇒M ats on K →M by onjugation. I.e.
X1
Ad//

Iso(K,K)

M M
(8)
given by Ad : x→ Adx,∀x ∈ X1 is a groupoid morphism;
2. the omposition of the groupoid morphism (8) with the quotient morphism
Iso(K,K)
q //

Out(K,K)

M M
fatorizes through φ :
X1
q◦Ad
%%K
KK
KK
KK
KK
K

φ

Y1
Ad
// Out(K,K),
yielding an ation by outer isomorphisms Ad of Y1 ⇒M on K →M , whih is alled
the outer ation.
Remark 2.15. Let Y1 ⇒ M be a Lie groupoid and X1
φ
−→ Y1 a surjetive submersion.
Assume m1 and m2 are two groupoid multipliations on X1 making X1
φ
−→ Y1 ⇒ M into
an extension of the groupoid Y1 ⇒ M in two dierent ways. Then the outer ations Ad1
and Ad2 indued by the two groupoid strutures on X1 are equal.
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3 Dierentiable G-gerbes as groupoid G-extensions
3.1 Groupoid G-extensions
Let G be a xed Lie group.
Denition 3.1. A Lie groupoid extension X1
φ
−→ Y1 ⇒ M is alled a G-extension if its
kernel K →M is a loally trivial bundle of groups with bers isomorphi to G.
It is simple to see that this notion is invariant under Morita equivalene. Namely, any
groupoid extension Morita equivalent to a groupoid G-extension must be a groupoid G-
extension itself.
The following proposition shows that any G-extension admits a Morita equivalent G-
extension whose kernel is a trivial bundle of groups.
Proposition 3.2. Let X1
φ
−→ Y1 ⇒ M be a groupoid extension. Then φ is a G-extension
if and only if there is an open overing {Ui}i∈I of M suh that the kernel of the pullbak
extension X1[
∐
Ui]
φ′
−→ Y1[
∐
Ui]⇒
∐
Ui via the overing map
∐
i∈I Ui →M is isomorphi
to the trivial bundle of groups
∐
i∈I Ui ×G.
Proof. Let K denote the kernel of φ. Sine φ is a G-extension, there exists an open over
{Ui}i∈I of M suh that the pullbak K
′
of K →M to
∐
i∈I Ui is isomorphi to the trivial
bundle
∐
i∈I Ui × G →
∐
i∈I Ui. To onlude, it sues to notie that K
′
is the kernel of
the pullbak extension X1[
∐
Ui]
φ′
−→ Y1[
∐
Ui]⇒
∐
Ui.
Finally we say that an extension is a trivial G-extension if it is isomorphi to the
extension Y1 × G → Y1 ⇒ M , where Y1 × G is equipped with the produt groupoid
struture.
3.2 Band of a groupoid G-extension
Now we introdue an important notion for a groupoid G-extension, namely, the band. It
orresponds to the band of a G-gerbe in terms of stak language. First of all, let us reall
the denition of G-torsors (also known as G-prinipal bundles) over a groupoid [35℄.
Denition 3.3. Let Γ1 ⇒ Γ0 be a Lie groupoid and G a Lie group. A G-torsor, or G-
prinipal bundle over Γ• onsists of a right prinipal G-bundle P
J
−→ Γ0 endowed with
a left ation of Γ1 ⇒ Γ0 on P with momentum map J suh that the ations of G and Γ•
on P ommute.
Let X1
φ
−→ Y1 ⇒ M be a Lie groupoid G-extension with kernel K. Let Iso(K, G) (resp.
Out(K, G)) be the group bundle
∐
m∈M Iso(Km, G) (resp.
∐
m∈M Out(Km, G)) and J
(resp. J¯) the anonial projetion of Iso(K, G) (resp. Out(K, G)) onto M . First note that
Iso(K, G)
J
−→M (resp. Out(K, G)
J¯
−→M) is a right prinipal Aut(G)-bundle (resp. Out(G)-
bundle).
13
On the other hand, Iso(K, G)
J
−→ M (resp. Out(K, G)
J¯
−→ M) admits a natural left ation
of the groupoid Iso(K,K) ⇒ M (resp. Out(K,K) ⇒ M). Moreover, these two ations
ommute. Hene Iso(K, G)
J
−→ M (resp. Out(K, G)
J¯
−→ M) is an Aut(G)-torsor (resp.
Out(G)-torsor) over Iso(K,K) ⇒ M (resp. Out(K,K) ⇒ M). Aording to Proposition
2.14, there is a groupoid morphism Ad : X• → Iso(K,K)• (resp. Ad : Y• → Out(K,K)•).
Therefore, one may pull-bak the Out(G)-torsor Out(K, G)
J¯
−→M over Out(K,K) ⇒M to
an Out(G)-torsor over Y• via Ad : Y• → Out(K,K)•. More preisely, one denes the left
Y•-ation on Out(K, G)
J
−→M by
y · f = Ad(y)◦f, ∀f ∈ Out(K, G)|t(y) . (9)
Denition 3.4. Let X1
φ
−→ Y1 ⇒ M be a Lie groupoid G-extension with kernel K. Then
Out(K, G)
J¯
−→ M , onsidered as an Out(G)-torsor over Y•, is alled the band of the G-
extension φ.
It is well-known that for a given Lie group G there is a bijetion between G-torsors over
a pair of Morita equivalent groupoids. They are alled Morita equivalent G-torsors. The
following proposition shows that bands are preserved under Morita morphisms, thus also
by Morita equivalenes in the above sense.
Proposition 3.5. Let f be a Morita morphism of Lie groupoid extensions from X ′1
φ′
−→
Y ′1 ⇒ M
′
to X1
φ
−→ Y1 ⇒ M . Let K
′
and K denote the kernels of φ′ and φ respetively. If
φ and φ′ are groupoid G-extensions, the band of φ′:
Y ′1
%%JJ
JJ
JJ
JJ
JJ
J
%%JJ
JJ
JJ
JJ
JJ
J
Out(K′, G)

M ′
is isomorphi to the pullbak of the band of φ:
Y1
%%J
JJ
JJ
JJ
JJ
JJ
%%JJ
JJ
JJ
JJ
JJ
J
Out(K, G)

M
via M ′
f
−→M .
Proof. First, we observe that K′ is isomorphi to the pullbak bundle M ′ ×M K and f
restrits to a bundle map K′
f
−→ K, whih is a berwise group isomorphism. Therefore, the
torsor
Out(K′,K′)
''PP
PP
PP
PP
PP
PP
P
''PP
PP
PP
PP
PP
PP
P
Out(K′, G)

M ′
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is isomorphi to the pullbak of the torsor
Out(K,K)
''OO
OO
OO
OO
OO
OO
''OO
OO
OO
OO
OO
OO
Out(K, G)

M
via M ′
f
−→M . Let
Y ′1
Ad
′
//

Out(K′,K′)

M ′ M ′
and Y1
Ad//

Out(K,K)

M M
be the outer ations of φ′ and φ respetively. The morphism f indues a Morita morphism
Out(K′,K′)
f //

Out(K,K)

M ′
f
//M
suh that the diagram
Y ′1
Ad
′
//
f

Out(K′,K′)
f

Y1
Ad
// Out(K,K)
ommutes. This ompletes the proof
Remark 3.6. In terms of stak and gerbe language, the band of a G-gerbe over a stak is
an Out(G)-torsor over this stak [26℄.
3.3 G-bound gerbes and groupoid entral extensions
This subsetion is devoted to the study of an important lass of G-gerbes, namely, G-bound
gerbes. These orrespond to groupoid entral extensions.
Reall that when G is abelian, a groupoid G-entral extension is a groupoid extension
X1
φ
−→ Y1 ⇒M suh that M ×G ≃ kerφ, (m, g) 7→ gm ∈ ker φ|m and
x · gt(x) = gs(x) · x.
Example 3.7. Consider the partiular ase of S1-extensions. In this ase, X1
φ
−→ Y1 ⇒M
is an S1-entral extension if and only if there exists a trivialization of the kernel
M × S1 → ker φ : (m, g) 7→ gm
suh that
x · gt(x) = gs(x) · x, ∀x ∈ X1, ∀g ∈ G. (10)
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In other words, X1
φ
−→ Y1 is an S
1
-prinipal bundle suh that
(g1x1) · (g2x2) = (g1g2) · (x1x2), ∀g1, g2 ∈ S
1, (x1, x2) ∈ X2.
See [56℄ for details. Gerbes represented by S1-entral extensions are alled S1-bound
gerbes
1
.
However, when G is non-abelian, the situation is more subtle. First of all, we need to
introdue the following
Denition 3.8. Let X1
φ
−→ Y1 ⇒ M be a groupoid G-extension with kernel K → M . Its
band Out(K, G)
J
−→ M is said to be trivial (as a Y•-torsor) if there exists a setion η¯ of
Out(K, G)→M invariant under the Y•-ation:
y · η¯(t(y)) = η¯(s(y)), ∀y ∈ Y1. (11)
Suh a setion is alled a trivialization of the band.
Proposition 3.9. If X1
φ
−→ Y1 ⇒M and X
′
1
φ′
−→ Y ′1 ⇒M
′
are Morita equivalent groupoid
extensions, then the band of the rst one is trivial if, and only if, the band of the seond
one is trivial.
Proof. As in Proposition 3.5, we an restrit ourselves to the ase that there is a Morita
morphism of groupoid extensions from X ′1
φ′
−→ Y ′1 ⇒ M
′
to X1
φ
−→ Y1 ⇒ M . Sine
K′ ≃M ′ ×M K, there is a natural 1-1 orrespondene between the Y•-invariant setions of
Out(K, G) and the Y ′
•
-invariant setions of Out(K′, G). Hene X ′1
φ′
−→ Y ′1 ⇒M
′
has trivial
band if, and only if, X1
φ
−→ Y1 ⇒M has trivial band.
Any setion η of Iso(K, G) → M is alled a trivialization of the kernel. For it denes
a map M ×G→ K : (m, g) 7→ gm := ηm(g), whih is an isomorphism of bundles of groups
over M . i.e. ηm(gh) = ηm(g)ηm(h).
The following proposition indiates that when the band is trivial, a trivialization of the
kernel always exists when passing to a Morita equivalent extension.
Proposition 3.10. Let X1
φ
−→ Y1 ⇒ M be a groupoid G-extension with kernel K → M
whose band is trivial. Then there exists a Morita equivalent groupoid G-extension X ′1
φ′
−→
Y ′1 ⇒M
′
with kernel K′ →M ′ together with a setion η′ of Iso(K′, G)→M ′ suh that its
indued setion η¯′ of Out(K′, G)→M ′ is invariant under the Y ′
•
-ation.
Proof. Choose a trivialization η¯ of the band Out(K, G) → M of φ. Take a good open
overing {Ui}i∈I of M and onsider the pullbak extension X1[
∐
Ui]
φ′
−→ Y1[
∐
Ui]⇒
∐
Ui
of φ by the projetion
∐
i∈I Ui → M . Let us all η¯
′
, the Y•[
∐
Ui]-invariant setion of
Out(K′, G) →
∐
Ui assoiated to η¯ as in Proposition 3.9 above. Sine the Ui's are on-
tratible, η¯′ an be lifted to a setion η′ of Iso(K′, G)→
∐
Ui.
1
In [7, 8℄ they are alled S
1
-gerbes for simpliity. When Y• is Morita equivalent to a manifold, they are
alled bundle gerbes by Hithin [28℄ and Murray [42℄.
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The following proposition an be veried diretly.
Proposition 3.11. Let H be a subgroup of Z(G). Assume that X˜1
φ
−→ Y1 ⇒ M is an
H-entral extension. Let
X1 =
X˜1 ×G
H
,
where H ats on X˜1 × G diagonally: (x˜, g) · h = (x˜ht(x), h
−1g), ∀h ∈ H. Then X1
φ
−→
Y1 ⇒ M is a G-extension endowed with a trivialization of its kernel, alled the indued
G-extension.
We are now ready to state the main result of this subsetion.
Theorem 3.12. Let X1
φ
−→ Y1 ⇒ M be a groupoid G-extension with kernel K → M , and
let η be a trivialization of the kernel. The following assertions are equivalent.
1. The setion η¯ of Out(K, G)→M indued by the trivialization of the kernel η :M →
Iso(K, G) is a trivialization of the band.
2. There exists a groupoid morphism
X1

r // G/Z(G)

M // ∗
with kernel Z(K) suh that
x · gt(x) = (Adr(x)g)s(x) · x,∀x ∈ X1, ∀g ∈ G,
where Ad denotes the anonial isomorphism from G/Z(G) to Inn(G):
Ad[g′](g) = g
′g(g′)−1, ∀g, g′ ∈ G.
3. There exists a global setion σ of the indued morphism X1/Z(K) → Y1 suh that,
for any loal lift σ˜ : Y1 → X1 of σ,
σ˜(y) · gt(y) = gs(y) · σ˜(y), ∀y ∈ Y1, ∀g ∈ G.
Moreover, σ is a groupoid morphism.
4. The extension X1
φ
−→ Y1 ⇒ M is isomorphi to the indued G-extension
X˜1×G
Z(G) →
Y1 ⇒M of a Z(G)-entral extension X˜1
φ
−→ Y1 ⇒M .
When any of the onditions above is satised, the groupoid G-extension is alled entral.
dierentiable gerbes represented by G-entral extensions are alled G-bound gerbes.
Proof. 1⇒2 It is well known that the group morphism Ad : G → Inn(G) : g 7→ Adg
fatorizes through G/Z(G):
G
Ad
&&LL
LL
LL
LL
LL
L

G/Z(G)
Ad
// Inn(G),
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and Ad : G/Z(G)→ Inn(G) is an isomorphism.
For any x ∈ X1, it is lear that η
−1
s(x)◦Adx ◦ηt(x) is an automorphism of G. Aording to
Eq. (11), it must be an inner automorphism, and therefore orresponds to an element in
G/Z(G), whih is dened to be r(x). Here we used the fat that Ad : Inn(G)→ G/Z(G)
is an isomorphism. Thus we have
Adx ◦ηt(x) = ηs(x)◦Adr(x) (12)
or
x · gt(x) = (Adr(x)g)s(x) · x, ∀x ∈ X1, ∀g ∈ G. (13)
From its denition, it is simple to see that
X1

r // G/Z(G)

M // ∗
is indeed a Lie groupoid morphism.
2⇒3 Sine the groupoid morphism Ad has kernel Z(K), it fatorizes through X1/Z(K):
X1
Ad
''NN
NN
NN
NN
NN
NN

X1/Z(K)
Ad
// Iso(K,K).
Also the trivialization of the kernel η : M → Iso(K, G) indues a unique setion η of
Iso
(
K/Z(K), G/Z(G)
)
→M making the diagram
Km

G
ηmoo
(
K/Z(K)
)
m
G/Z(G)
η
moo
ommutes. It thus follows that ηm◦Adg = Adηm(g) ◦ηm = Ad[ηm(g)]◦ηm. Hene
ηm◦Ad[g] = Adη
m
[g]◦ηm, (14)
where [q] denotes the lass of an element q ∈ X1 (resp. G) in X1/Z(K) (resp. G/Z(G)).
Using Eq. (14), the formula (12) beomes Adx ◦ηt(x) = ηs(x)◦Adr(x). Hene Ad[x]◦ηt(x) =
Adη
s(x)
(r(x))◦ηs(x). Therefore
Adη
s(x)
((r(x))−1·[x])◦ηt(x) = ηs(x). (15)
For any y ∈ Y1, take x ∈ X1 any element suh that φ(x) = y. Set
σ(y) = η
s(x)
(r(x))−1 · [x].
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It is easy to see that σ denes a setion of X1/Z(K)→ Y1. Then Eq. (15) beomes
Adσ(φ(x))◦ηt(x) = ηs(x), ∀x ∈ X1. (16)
Therefore, for any loal lift σ˜ : Y1 → X1 of σ, we have
Adσ˜(φ(x)) ◦ηt(x) = ηs(x), ∀x ∈ X1, (17)
or, equivalently,
σ˜(φ(x)) · gt(x) = gs(x) · σ˜(φ(x)), ∀x ∈ X1, g ∈ G. (18)
I.e.
σ˜(y) · gt(y) = gs(y) · σ˜(y), ∀y ∈ Y1, g ∈ G. (19)
Moreover, Eq. (16) implies that ∀(x, y) ∈ X2, η
−1
t(y)◦Ad
(
σ((φ(xy))−1)σ(φ(x))σ(φ(y))
)
◦ηt(y) = id.
Hene,
σ((φ(xy))−1)σ(φ(x))σ(φ(y)) = 1 in X1/Z(K),
sine Ad is injetive. It thus follows that σ is a groupoid morphism.
3⇒4 Take X˜1 = pi
−1
(
σ(Y1)
)
, where pi denotes the projetion X1 → X1/Z(K). Sine σ
is a Lie groupoid morphism, it is simple to see that X˜1 ⇒ M is a Lie subgroupoid of
X1 ⇒ M and X˜1 → Y1 ⇒ M is a groupoid Z(G)-extension. The trivialization of the
kernel ηm : G→ Km, when being restrited to the enter Z(G), indues a trivialization of
the kernel η˜m : Z(G)→ Z(K)m of the Z(G)-extension X˜1 → Y1 ⇒M . Moreover, Eq. (17)
implies that
Adx˜ ◦ηt(x˜) = ηs(x˜), ∀x˜ ∈ X˜1. (20)
It thus follows that X˜1 → Y1 ⇒M is a Z(G)-entral extension. Consider the map
τ : X˜1 ×G→ X1 : (x˜, g) 7→ x˜ · gt(x˜).
From Eq. (19), it follows that τ is a groupoid morphism. Aording to Eq. (16), we have
[x] = η
s(x)
(r(x)) · σ(φ(x)) = σ(φ(x)) · η
t(x)
(r(x)), ∀x ∈ X1.
It thus follows that x = σ(φ(x))·η
t(x)
(r(x))·k for some k ∈ Z(K). Hene τ is surjetive. And
its kernel
{
(zm, z
−1)|z ∈ Z(G)
}
is isomorphi to Z(G). Therefore X•
φ
−→ Y• is isomorphi
to the indued G-extension X˜1×G
Z(G) → Y1 ⇒M .
4⇒1 For any x = [(x˜, g)] ∈ X˜1×G
Z(G) , it follows from a simple omputation that
η−1
s(x)◦Adx ◦ηt(x) = Adg .
The onlusion thus follows.
As an immediate onsequene, Morita equivalent lasses of G-extensions with trivial band
are in one-one orrespondene with Morita equivalent lasses of Z(G)-entral extensions.
The latter is lassied by H2(Y•, Z(G)). Thus we have reovered the following result of
Giraud [26℄ in the ontext of dierential geometry.
Theorem 3.13. Morita equivalent lasses of G-extensions with trivial band (i.e. G-bound
gerbes) over the groupoid Y1 ⇒M are in one-one orrespondene with H
2(Y•, Z(G)).
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3.4 G-gerbes over manifolds
In this subsetion, we study G-gerbes over a manifold. This orresponds to a G-extension
over a groupoid whih is Morita equivalent to a manifold, i.e. a groupoid of the form
M ×N M ⇒ M for a surjetive submersion M → N (see also [46℄). When {Ui}i∈I is an
open overing ofN andM is the disjoint union
∐
i Ui with the overing map
∐
i Ui → N , the
resulting groupoidM×NM ⇒M , whih is easily seen to be isomorphi to
∐
ij Uij ⇒
∐
i Ui,
is alled the eh groupoid assoiated to an open overing {Ui}i∈I of the manifold N .
Let {Ui}i∈I be a good open overing of N , namely all Ui and their nite intersetions are
ontratible. We form its eh groupoid Y• :
∐
ij Uij ⇒
∐
i Ui, and onsider a G-extension
K• → X•
φ
−→ Y•. A point x in N will be denoted by xi when onsidered as a point in Ui
and by xij when onsidered as a point in Uij , et. The soure, target and multipliation
maps of Y• are given, respetively, by
s(xij) = xi, t(xij) = xj, xij · xjk = xik.
Sine Ui is ontratible for all i ∈ I, we an identify K with the trivial bundle of groups
K ≃
∐
i Ui × G. Sine Uij is ontratible for all i, j ∈ I, there exists a global setion ρ
(whih does not need to be a groupoid morphism) of X1
φ
−→ Y1 suh that
ρ(xii) = ε(xi), ∀i ∈ I, and ρ(xji) =
(
ρ(xij)
)−1
, ∀i, j ∈ I
where ε :M → X1 is the unit map.
We identify any element x˜ ∈ X1 with a pair xij = φ(x˜) ∈ Y1 and g ∈ Kxj suh that
ρ(xij) · g = x˜. In other words, we identify X1 with
∐
ij Uij × G in suh a way that the
multipliation of elements in X1 by elements of K ≃
∐
i Ui × G from the right oinides
with the multipliation from the right on the group G, i.e.
(xij, g) · (xj , h) = (xij , gh), ∀g, h ∈ G. (21)
First, we dene C∞(G,G)-valued funtions λij on the 2-intersetions Uij by omparing the
right and the left ations of the group bundle K →
∐
i Ui. Indeed for any i, j ∈ I, xij ∈ Uij
and g ∈ G, there is a unique element λij(xij)
(
g
)
∈ G suh that
(xij , 1) · (xj, g) = (xi, λij(xij)(g)) · (xij , 1). (22)
Note that g → λij(xij)(g) is a smooth dieomorphism by onstrution.
Seond, we dene G-valued funtions gijk on the 3-intersetions Uijk by
(xij , 1) · (xjk, 1) = (xik, gijk(xijk)).
These funtions measure the default of ρ from being a groupoid homomorphism. In the
sequel, the referene to the point x where λij and gijk are evaluated will be omitted.
The data (λij , gijk) determine ompletely the multipliation on the groupoid X1 ⇒
∐
i Ui.
More preisely, one has
(xij , g)(xjk, h) = (xik, gijkλ
−1
jk (g)h), ∀g, h ∈ G. (23)
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The assoiativity of the groupoid multipliation dened on X1 imposes the following rela-
tions on the funtions λij and gijk:
λij(gh) = λij(g)λij(h), ∀g, h ∈ G; (24)
λij◦λjk = Adgijk ◦λik; (25)
gijlgjkl = giklλ
−1
kl (gijk); (26)
whih are immediate onsequenes of the following identities, reeting the assoiativity
of the groupoid produt:(
(xij , 1)(xj , g)
)
(xj , h) = (xij , 1)
(
(xj , g)(xj , h)
)(
(xi, g)(xij , 1)
)
(xjk, 1) = (xi, g)
(
(xij , 1)(xjk, 1)
)(
(xij , 1)(xjk, 1)
)
(xkl, 1) = (xij, 1)
(
(xjk, 1)(xkl, 1)
)
.
Eq. (24) means that λij is an Aut(G)-valued funtion on Uij . Alternatively, one may write
Eq. (22) as
Ad(xij ,1)(xj , g) = (xi, λij(xij)(g)).
From the fat thatAd(xij ,1) is a group isomorphism from Kxj to Kxi , it follows immediately
that λij is an Aut(G)-valued funtion.
Conversely, if we are given some λij : Uij → Aut(G), gijk : Uijk → G satisfying Eqs. (25)
and (26), then the produt dened in Eq. (23) denes a groupoid struture on X1 ⇒∐
ij Uij , whih makes X• → Y• into a groupoid G-extension.
The above disussion an be summarized by the following
Proposition 3.14. Assume that {Ui}i∈I is a good open overing of a manifold N . Then
there is a one-one orrespondene between G-extensions of the eh groupoid
∐
ij Uij ⇒∐
i Ui and the data (λij , gijk), where λij : Uij → Aut(G) and gijk : Uijk → G satisfy
Eqs. (25)(26).
The data (λij , gijk) is alled a non abelian 2-oyle, whih oinides with the one in
[11, 22, 45℄.
Remark 3.15. Non abelian 2-oyles have reently appeared in many plaes in deformation
quantization theory. See [16, 17, 30, 31, 32, 33, 21, 48, 59, 60℄.
Now let us onsider the band of this G-extension. Aording to Denition 3.4, the band is
an Out(G)-torsor over the eh groupoid Y• :
∐
ij Uij ⇒
∐
i Ui, whih is Morita equivalent
to the manifold N . Thus the band is a prinipal Out(G)-bundle over the manifold N . To
desribe it more expliitly, by λij we denote the omposition of λij : Uij → Aut(G) with
the projetion Aut(G)→ Out(G). Then Eq. (25) implies that
λij◦λjk◦λki = 1.
In other words, λij : Uij → Out(G) is a eh 2-oyle, whih denes an Out(G)-prinipal
bundle over N . This is exatly the band of the G-extension.
Proposition 3.16. Let {Ui}i∈I be a good open overing of a manifold N .
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1. A G-extension X1
φ
−→
∐
ij Uij ⇒
∐
i Ui of the eh groupoid
∐
ij Uij ⇒
∐
i Ui has a
trivial band if and only if there exists a trivialization of the kernel K ≃
∐
i Ui×G and
a setion ρ of X1
φ
−→
∐
ij Uij suh that the assoiated data (λij , gijk) satises λij = id
and (gijk) ∈ Zˇ
2
(
N,Z(G)
)
.
2. Moreover, if (gijk) is a oboundary, then the setion ρ an be modied so that λij = id
and gijk = 1. That is, the G-extension is isomorphi to the trivial G-extension.
Proof. 1. Let η¯ ∈ Γ(Out(K, G) →
∐
Ui) be a trivialization of the band. Sine the Ui's
are ontratible, η¯ an be lifted to a setion η of Iso(K, G) →
∐
Ui. This gives the
desired trivialization of the kernel. Aording to Theorem 3.12, sine the band of
the G-extension is trivial, and all Uij 's are ontratible, there exists a setion ρ of
X1
φ
−→
∐
Uij suh that
ρ(xij) · gxj = gxi · ρ(xij) (27)
ρ(xii) = 1
ρ(xji) = ρ(xij)
−1
for all xij ∈ Uij and g ∈ G. Now, we identify X1 with
∐
Uij ×G through∐
Uij ×G→ X1 : (xij , g) 7→ ρ(xij) · gxj .
Then Eq. (27) beomes (xij , 1)(xj , g) = (xi, g)(xij , 1). Hene λij = id. From (xij , 1)(xjk, 1) =
(xik, gijk), it follows that ρ(xki)ρ(xij)ρ(xjk) = gijk. By Eq. (27), we have gijk ∈ Z(G).
2. Assume that (gijk) is a oboundary: ρ(xki)ρ(xij)ρ(xjk) = gijk = hjkh
−1
ik hij , where
hij : Uij → Z(G). Using Eq. (27), this an be rewritten as ρ(xki)h
−1
ki · ρ(xij)h
−1
ij ·
ρ(xjk)h
−1
jk = 1. Dene a new setion ρ
′ :
∐
Uij → X1 : xij 7→ ρ(xij)h
−1
ij . It is
easy to hek that in the assoiated identiation of X1 with
∐
Uij × G, one has
λ′ij = λij◦Adh−1ij
= 1 and g′ijk = ρ
′(xki)ρ
′(xij)ρ
′(xjk) = 1.
As an immediate onsequene, we see that a G-extension with trivial band over the eh
groupoid of a good over is ompletely determined by a eh 2-oyle in Zˇ2
(
N,Z(G)
)
.
Therefore we have derived the following result of Giraud [26℄ by a diret argument.
Corollary 3.17. Isomorphism lasses of G-bound gerbes over a manifold N are in one-one
orrespondene with H2(N,Z(G)).
Proposition 3.18. Any groupoid G-extension of the eh groupoid assoiated to a good
open overing of a ontratible manifold is isomorphi to the trivial G-extension.
Proof. Let N be a ontratible manifold, (Ui) a good overing of N , and X1 →
∐
Uij ⇒∐
Ui a groupoid G-extension of the assoiated eh groupoid. Its band must be trivial,
sine any prinipal bundle over a ontratible manifold is trivial. Aording to Propo-
sition 3.16, the multipliation on X1 is entirely determined by the 2-oyle (gijk) in
Zˇ2
(
N,Z(G)
)
. Sine the manifold N is ontratible and (Ui) is a good overing, (gijk)
must be a 2-oboundary, whih implies that X1 →
∐
Uij ⇒
∐
Ui is isomorphi to the
trivial G-extension.
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By a renement of a G-extension X1 →
∐
i,j Uij ⇒
∐
j Uj of a eh groupoid, we mean
the pull-bak of this G-extension through a renement of the overing (Uj)j∈J of N .
As an immediate onsequene of Proposition 3.18, we have the following
Corollary 3.19. Any groupoid G-extension of a eh groupoid over a ontratible manifold
N has a renement whih is isomorphi to a trivial G-extension.
4 Connetions on groupoid extensions
4.1 Connetions as horizontal distributions
Reall that a horizontal distribution on a ber bundle X
φ
−→ Y is an assignment to eah
point x ∈ X of a subspae Hx of TxX transversal to the ber of φ ontaining x.
Reall also that, to any Lie groupoid Γ1 ⇒ Γ0, one an assoiate its tangent Lie groupoid
TΓ1 ⇒ TΓ0 whose struture maps are the dierentials of those of Γ• [39℄. More preisely,
if s : Γ1 → Γ0, t : Γ1 → Γ0 and m : Γ2 → Γ1 denote the soure, target and multipliation
maps of Γ•, then s∗ : TΓ1 → TΓ0 and t∗ : TΓ1 → TΓ0 are respetively the soure
and target maps of (TΓ)•, and the multipliation map TΓ1 ×t∗,Γ0,s∗ TΓ1 → TΓ1 is the
omposition of the anonial isomorphism TΓ1 ×t∗,Γ0,s∗ TΓ1 ≃ T (Γ1 ×t,Γ0,s Γ1) with the
dierential of m : Γ1 ×t,Γ0,s Γ1 −→ Γ1.
Denition 4.1. A onnetion on a Lie groupoid extension X1
φ
−→ Y1 ⇒M is a horizontal
distribution H on X1
φ
−→ Y1 whih is also a Lie subgroupoid of the tangent groupoid TX1 ⇒
TM . I.e. we have
Hx1 ·Hx2 ⊂ Hx1·x2 for all (x1, x2) ∈ X2 (28)
H−1x ⊂ Hx−1 for all x ∈ X1. (29)
Lemma 4.2. 1. The distribution H ontains the entire unit spae TM of X1.
2. Hx1 ·Hx2 = Hx1·x2
3. (Hx)
−1 = Hx−1
Proof. 1. Sine H is a Lie subgroupoid of TX1 ⇒ TM , it ontains its unit spae, whih
is s∗H. On the other hand, we have s∗H = s∗φ∗H = s∗TY1 = TM . The onlusion
follows.
2. Sine Tt(x)M ⊂ Hx−1 ·Hx and H
−1
x1
⊂ H
x−11
, we have
Hx1·x2 = Hx1·x2 · Tt(x2)M ⊂ Hx1·x2 ·Hx2−1 ·Hx2 ⊂ Hx1 ·Hx2 .
3. Substituting x−1 for x in Eq. (29), one gets H−1
x−1
⊂ Hx. Thus, Hx−1 ⊂ H
−1
x .
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As before, let K be the kernel of X•
φ
−→ Y•. Then K →M is a group bundle, whih is also
a Lie subgroupoid of X•. Set
HK = TK ∩H. (30)
Sine ker(φ∗) ⊂ TkK for any k ∈ K, H
K
denes a onnetion for the bundle K
φ
−→ M ,
whih is also a groupoid extension onnetion when K → M is onsidered as a groupoid
extension K → M ⇒ M . Sine this groupoid extension is simply a bundle of groups, HK
is a group bundle onnetion that we all the indued onnetion on the bundle of
groups K →M .
Let K → M denote the Lie algebra bundle assoiated to the group bundle K → M . Let
exp : K → K denote the pointwise exponential map. The onnetion HK on the group
bundle K
φ
−→ M indues a onnetion on the Lie algebra bundle K → M that we all the
indued horizontal distribution HK on the bundle of Lie algebras K→M dened
as follows: v ∈ TK is horizontal if exp∗ v ∈ H
K
. This onnetion is ompatible with the
Lie algebra bundle struture, i.e. it is given by a ovariant derivative on the vetor bundle
K→M and satises Proposition 4.21(4).
4.2 Horizontal paths for groupoid extension onnetions
It is natural to ask what is the geometrial meaning of a onnetion on a groupoid extension.
This subsetion is aimed to answer this question.
Reall that, given an horizontal distribution on a ber bundle, a path is said to be hor-
izontal if it is tangent to the horizontal distribution. Also reall that, given a groupoid,
two paths τ 7→ γ1(τ), τ 7→ γ2(τ) on the spae of arrows are said to be ompatible if, and
only if, γ1(τ), γ2(τ) are omposable for all values of τ . The produt of these paths is the
path τ → γ1(τ) · γ2(τ).
The following proposition gives an alternative denition of Lie groupoid extension onne-
tion.
Proposition 4.3. Let X1
φ
−→ Y1 ⇒ M be a Lie groupoid extension. An horizontal distri-
bution on X1
φ
−→ Y1 is a groupoid extension onnetion if and only if the produt of any
pair of horizontal omposable paths in X1 is still a horizontal path, and the inverse of any
horizontal path is still a horizontal path.
Here is yet another alternative desription of groupoid extension onnetions.
For any manifold N , denote N I the set of smooth paths from [0, 1] to N . If Γ1 ⇒ Γ0 is a
groupoid, then ΓI1 ⇒ Γ
I
0 inherits a groupoid struture with the soure map γ 7→ s◦γ, the
target map γ 7→ t◦γ, and the produt τ 7→ γ1(τ) · γ2(τ), for any omposable γ1, γ2 ∈ Γ
I
1.
We all this groupoid the path groupoid. Proposition 4.3 an be reinterpreted as follows:
a horizontal distribution is a groupoid extension onnetion if, and only if, the horizontal
paths form a subgroupoid of the path groupoid XI1 ⇒M
I
.
Reall that an Ehresmann onnetion on a ber bundle X
φ
−→ Y is a horizontal distri-
bution satisfying the following tehnial assumption: any path on Y starting from y ∈ Y
has a unique horizontal lift on X starting from a given point x in the ber of X over y.
This additional assumption is required to avoid horizontal lifts going to innity in a nite
time.
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Let γ be a path in Y1. The parallel transport τ
γ
t along γ is a transformation satisfying the
following properties:
• τγ0 (x) = x;
• for any x ∈ X1 with φ(x) = γ(s), the relation φ(τ
γ
t (x)) = γ(s+ t) holds;
• the path t 7→ τγt (x) is horizontal.
Proposition 4.4. Groupoid extension onnetions are Ehresmann onnetions.
Proof. Let X1
φ
−→ Y1 ⇒ M be a groupoid extension endowed with a groupoid extension
onnetion. Let us x a path γ : t 7→ γt in Y1 dened on an open interval I of R ontaining
[0, 1]. For eah x ∈ X1 in the ber over γ0, we will denote by γ¯
x : t→ γ¯xt the path (if any)
in X1, whih passes through x and lifts γ horizontally.
Step 1 Given a point b in φ−1(γ0), we will show that there exists a positive real number
ε suh that, for all points x in the same onneted omponent as b in φ−1(γ0), the path γ¯
x
is dened for t ∈ (−ε, ε).
Indeed, sine the solutions of ODE's depend smoothly on the parameters, there exists a
onneted neighborhood U of b in its ber φ−1(γ0) and a positive real number ε suh that,
for all u ∈ U , the horizontal lift γ¯u is dened for all t ∈ (−ε, ε).
For eah u ∈ U , dene the path δb
−1·u ∈ C∞((−ε, ε),K) by δb
−1·u
t = (γ¯
b
t )
−1 · (γ¯ut ). Sine the
horizontal distribution on X1 is ompatible with the groupoid multipliation, the paths
δb
−1·u
with u ∈ U as well as all produts of suh paths in the groupoid C∞((−ε, ε),X1)
are horizontal.
Observe that
{
δb
−1·u
0 |u ∈ U
}
is the neighborhood Lb−1U of the identity in the Lie group
Kt(x). Now, taking any element x in the same onneted omponent of φ
−1(γ0) as b, the
produt b−1 · x lies in the onneted omponent of the Lie group Kt(x) ontaining its unit
element. Hene b−1 · x an be written as a nite produt k1 · k2 · · · · · kn of elements in the
neighborhood Lb−1U .
Therefore, the horizontal lift γ¯x is dened for all t ∈ (−ε, ε) beause
γ¯xt = γ¯
b
t · δ
k1
t · δ
k2
t · · · · δ
kn
t .
Step 2 We show that for any point x in the onneted omponent of b in the ber φ−1(γ0),
the path γ¯x is dened for all t ∈ [0, 1].
By the rst step, it is lear that there exists an open overing⋃
s∈I, U∈Cs
{(s+ t, τγt (u))|t ∈ (−εU , εU ), u ∈ U}
of I ×γ,Y1,φX1, where Cs denotes the set of onneted omponents of the ber φ
−1(γs), εU
depends on U and τ denotes the parallel transport. Any onneted omponent of I ×γ,Y1,φ
X1 is thus a union of suh open sets. Any horizontal lift of γ does entirely lie in suh a
onneted omponent. Consider the onneted omponent B of I ×γ,Y1,φ X1 ontaining b.
Sine the parallel transport maps bers homeomorphially, it does preserve the onneted
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omponents of the bers. Hene the intersetion of B with any ber must be a onneted
omponent of this ber. It is thus lear that
B =
⋃
s∈I
{
(s+ t, τγt (u))|t ∈ (−εs, εs), u ∈ B ∩ φ
−1(γ(s))
}
,
where εs does now only depend on s.
Sine
⋃
s∈I(s− εs, s+ εs) is an open overing of the ompat interval [0, 1], there exists a
nite subovering
⋃
i=0,··· ,n(si− εsi , si+ εsi) of [0, 1] with 0 = s0 < s1 < s2 < · · · < sn = 1
and (si−1 − εsi−1 , si−1 + εsi−1) ∩ (si − εsi , si + εsi) 6= ∅. Let t0 = 0, tn+1 = 1 and hoose n
real numbers t1, · · · , tn suh that ti ∈ (si−1− εsi−1 , si−1+ εsi−1)∩ (si− εsi , si+ εsi). Then,
for any x in the same onneted omponent of φ−1(γ0) as b, the path reursively dened
by γ¯xt = τ
γ¯xti
t−ti
for ti ≤ t ≤ ti+1 is the horizontal lift of γ through x. Modifying the hoie
of the point b and the path γ in the two steps above, the onlusion follows.
The following result is an immediate onsequene of Proposition 4.3 applied to HK.
Corollary 4.5. Let HK be the indued onnetion on the group bundle K →M . Then the
parallel transport in K →M preserves the group struture on the bers.
Sine the horizontal distribution on K is the image of the horizontal distribution on K
under the dierential of the exponential map, we have the following lemma.
Lemma 4.6. The following diagram
Kγ(0)
exp

τ
γ
t // Kγ(t)
exp

Kγ(0)
τ
γ
t // Kγ(t)
(31)
ommutes, where τγt stands, with an abuse of notation, for both the parallel transportation
in K and K over some path γ in M .
The following proposition shows that any groupoid extension of a onneted Lie groupoid
that admits a onnetion must be a groupoid G-extension for some xed Lie group G.
Proposition 4.7. Let X1
φ
−→ Y1 ⇒M be a Lie groupoid extension with kernel K. Assume
that the orbit spae M/Y1 is path onneted. If there exists a groupoid extension onnetion,
then
1. the groups Km, m ∈M , are all isomorphi;
2. φ is a Lie groupoid G-extension for a xed Lie group G.
Proof. 1. SineM/X1 is path onneted, any two points m,n ∈M an be onneted by
a family of points {mi}i=1,...,l suh that any two onseutive elements in the family
are either on the same onneted omponent of M , or are the soure and target of
some element in X1.
For any pair of points m and n in the same onneted omponent of M , an isomor-
phism Km ≃ Kn an be onstruted by taking the parallel transport over a path
joining m and n. And if x ∈ X1, the onjugation by x indues an automorphism
Ks(x) ≃ Kt(x).
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2. Choose a Riemannian metri on M and take an open overing of M by ontratible
open normal neighborhoods {Ui}i∈I . Then hi : Ui × [0, 1] → Ui : (expui ξ, t) 7→
expui tξ, where ξ is in a small neighborhood of zero in TuiUi, is a smooth deformation
retration of Ui onto a xed point ui. Consider the pullbak X1[
∐
Ui]→ Y1[
∐
Ui]⇒∐
Ui of X1 → Y1 ⇒M . Its kernel is
∐
i∈I Ui ×M K. As eah Ui ×M K an be loally
identied to Ui ×Kui using parallel transport along the paths t 7→ hi(m, t), m ∈ Ui,
as above, it follows that
∐
i∈I Ui×M K an be identied with
∐
i∈I Ui×G for a xed
Lie group G. Hene X1[
∐
Ui]→ Y1[
∐
Ui]⇒
∐
Ui is a Lie groupoid G-extension.
From now on, if a Lie groupoid extension admits a groupoid extension onnetion, it is
always assumed to be a G-extension. Take an arbitrary path γ in XI1 . The horizontal
distribution being an Ehresmann onnetion, there exists an unique horizontal path γ¯
starting at γ(0) and satisfying φ◦γ = φ◦γ¯. There is therefore a unique map g : [0, 1] → K
suh that γ¯(τ) = γ(τ) · gγ(τ); note that, by onstrution, gγ(τ) ∈ Kt◦γ(τ) for all τ ∈ [0, 1].
We all right holonomy of a path γ, denoted by hol(γ), the element gγ(1) ∈ Kt◦γ(1). The
left holonomy an be dened similarly using the left ation of K.
Proposition 4.8. For any pair of paths γ1, γ2 omposable in X1, the following relation
holds,
hol(γ1 · γ2) =
(
Ad(γ2(1))−1 hol(γ1)
)
· hol(γ2).
Proof. The paths γ1, γ2 being omposable, so are the assoiated horizontal paths γ¯1, γ¯2.
The produt of horizontal paths being horizontal, their produt γ¯1 ·γ¯2 is an horizontal path.
Moreover, this path starts at the point γ¯1(0)γ¯2(0) = (γ1 · γ2)(0). Therefore γ1γ2 = γ¯1 · γ¯2.
It is now a simple matter to hek that:
(γ1γ2)(1) · holγ1γ2 = γ1γ2(1)
= γ1(1) · hol(γ1) · γ2(1) · hol(γ2)
= γ1(1) · γ2(1) ·
(
Ad(γ2(1))−1 hol(γ1)
)
· hol(γ2).
4.3 Connetions as 1-forms
Reall that any Lie groupoid X1 ⇒M gives rise to a simpliial manifold
· · · ////
//// X2
////// X1 //
// X0 , (32)
where
Xn = {(x1, . . . , xn)|t(xi) = s(xi+1) i = 1, . . . , n− 1}
is the set of omposable n-tuples of elements of X1, and X0 = M and the fae maps are
dened as follows [52℄. The maps εni : Xn → Xn−1 are given by, for n > 1,
εn0 (x1, x2, . . . , xn) = (x2, . . . , xn)
εnn(x1, x2, . . . , xn) = (x1, . . . , xn−1)
εni (x1, x2, . . . , xn) = (x1, . . . , xixi+1, . . . , xn), 1 ≤ i ≤ n− 1,
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and, for n = 1, ε10(x) = s(x), ε
1
1(x) = t(x). They satisfy the simpliial relations
εn−1i ◦ε
n
j = ε
n−1
j−1 ◦ε
n
i ∀i < j.
We also dene the maps s : Xn → M : (x1, . . . , xn) 7→ s(x1) and t : Xn → M :
(x1, . . . , xn) 7→ t(xn). When n = 1, we reover the soure and target of the groupoid,
justifying the notation.
Consider a Lie groupoid extension (1). Sine X1 ⇒ M ats on K → M by onjugation,
it ats on K → M by adjoint ation. Therefore one obtains a left representation of the
groupoid X1 ⇒ M on K → M . For any x ∈ X1, the adjoint representation is denoted
by Adx : Kt(x) → Ks(x), whih, by denition, is the derivative at the identity of the on-
jugation Adx : Kt(x) → Ks(x). Therefore one an talk about Lie groupoid ohomology
with values in K [37℄. Here a K-valued ohain is a smooth map whih assoiates an ele-
ment in Ks(x1) to a omposable n-tuple (x1, . . . , xn). Thus the spae of n-ohains an be
identied with C∞(Xn, s
∗K) = Γ(s∗K → Xn), the spae of smooth setions of the vetor
bundle s
∗K → Xn, i.e. the pull bak bundle of K → M via s : Xn → M . The dierential
∂⊳ : C∞(Xn−1, s
∗K)→ C∞(Xn, s
∗K) is given by
∂⊳|(x1,··· ,xn) = Adx1 ◦(ε
n
0 )
∗ +
n∑
i=1
(−1)i(εni )
∗. (33)
In general, as a ohain omplex, one an onsider Ωl(Xn, s
∗K), the spae of dierential
forms on Xn with values in the vetor bundle s
∗K→ Xn, i.e. the spae of smooth setions
of the vetor bundle ∧lT ∗Xn ⊗ s
∗K→ Xn and the operator ∂
⊳
given by exatly the same
formula (33) as the dierential. Thus (∂⊳)2 = 0. Similarly, by taking the inverse of the
adjoint ation of X1 ⇒ M on K → M , one obtains a right representation of X1 ⇒ M on
K → M , and thus an onsider the ohain omplex formed by Ωl(Xn, t
∗K), the spae of
dierential forms on Xn with values in the vetor bundle t
∗K → Xn, and the dierential
∂⊲ : Ωl(Xn−1, t
∗K)→ Ωl(Xn, t
∗K) given by
∂⊲|(x1,...,xn) =
n−1∑
i=0
(−1)i(εni )
∗ + (−1)nAd(xn)−1 ◦(ε
n
n)
∗. (34)
We thus have (∂⊲)2 = 0.
In the sequel, if ξ is an element of K, the right and left fundamental vetor elds generated
by ξ will be denoted by ξ⊲ and ξ⊳ respetively. Thus,
ξ⊲x =
d
dτ
x exp(τξ)
∣∣
τ=0
, ξ⊳y =
d
dτ
exp(τξ)y
∣∣
τ=0
, (35)
where x, y ∈ X1 with t(x) = m = s(y) and ξ ∈ Km.
Denition 4.9. Let X1
φ
−→ Y1 ⇒M be a Lie groupoid extension. A 1-form α ∈ Ω
1(X1, t
∗K)
is said to be a right onnetion 1-form if α(ξ⊲) = ξ, ∀ξ ∈ K and ∂⊲α = 0. Similarly,
a 1-form β ∈ Ω1(X1, s
∗K) is said to be a left onnetion 1-form if β(ξ⊳) = ξ, ∀ξ ∈ K
and ∂⊳β = 0.
Remark 4.10. 1. An l-form α ∈ Ωl(X1, t
∗K) satises ∂⊲α = 0 if and only if, for any om-
posable pair (x1, x2) ∈ X2 and for any l-tuples of omposable pairs (u1, v1), · · · , (ul, vl)
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in the tangent groupoid TX1 ⇒ TM , with ui ∈ Tx1X1, vi ∈ Tx2X1 for all i ∈
{1, · · · , l}, one has
α(u1 · v1, · · · , ul · vl) = α(v1, · · · , vl) + Adx−12
α(u1, · · · , ul). (36)
In partiular, for l = 1, one has
α(u · v) = α(v) + Ad
x−12
α(u) (37)
for any omposable u ∈ Tx1X1 and v ∈ Tx2X1.
Eq. (37) an be interpreted as follows. The tangent groupoid TX1 ⇒ TM ats on
K→ M from the right by u · k = Ad−1x k for any u ∈ TxX1 and any k ∈ Ks(x). Then
∂⊲α = 0 if, and only if, α : TX1 → K is a 1-oyle with respet to this ation.
2. In the ase of G-extensions over a eh groupoid, the ondition ∂⊲α = 0 should be
equivalent to the ondition given by Breen-Messing in [14, Eq. (6.1.9)℄. See [15℄.
Lemma 4.11. Let X1
φ
−→ Y1 ⇒M be a Lie groupoid extension endowed with a Lie groupoid
extension onnetion H. Let (p, q) be any point in X2, and vp ∈ TpX1 and vq ∈ TqX1 any
pair of omposable horizontal vetors.
1. If ξ and η are elements of the bers of K→M at the points t(p) and t(q), respetively,
then (ξ⊲p + vp) and (η
⊲
q + vq) are omposable and
(ξ⊲p + vp) · (η
⊲
q + vq) = (Adq−1 ξ + η)
⊲
pq
+ (vp · vq).
2. If ξ and η are elements of the bers of K→M at the points s(p) and s(q) respetively,
then (ξ⊳p + vp) and (η
⊳
q + vq) are omposable and
(ξ⊳p + vp) · (η
⊳
q + vq) = (ξ +Adp η)
⊳
pq
+ (vp · vq).
Proof. We prove (1) only sine the argument for (2) is similar. Choose a path t 7→
(γ(t), δ(t)) in X2 suh that
d
dt
∣∣
0
γ(t) = vp and
d
dt
∣∣
0
δ(t) = vq. Then,
ξ⊲p + vp =
d
dt
∣∣
0
(γ(t) exp(tξ)), η⊲q + vq =
d
dt
∣∣
0
(δ(t) exp(tη)).
Hene the result follows from the identity
d
dt
∣∣
0
(γ(t) exp(tξ)δ(t) exp(tη)) = d
dt
∣∣
0
(
p exp(tξ)q exp(tη)
)
+ d
dt
∣∣
0
(γ(t)δ(t)).
Theorem 4.12. Let X1
φ
−→ Y1 ⇒ M be a Lie groupoid extension. Then the following are
all equivalent.
1. Lie groupoid extension onnetions H ⊂ TX1;
2. right onnetion 1-forms α ∈ Ω1(X1, t
∗K); and
3. left onnetion 1-forms β ∈ Ω1(X1, s
∗K).
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Proof. It sues to prove the one-one orrespondene between (1) and (2). The equivalene
between (1) and (3) an be proved similarly.
1⇒2 Dene α ∈ Ω1(X1, t
∗K) by setting
α(ξ⊲) = ξ, ∀ξ ∈ K and α(v) = 0, ∀v ∈ H.
From Lemma 4.11 and Eq. (28), it follows that for all (p, q) ∈ X2, vp ∈ Hp and vq ∈ Hq
with vp, vq omposable,(
(ξ⊲p + vp) · (η
⊲
q + vq)
)
α = Adq−1 ξ + η = Adq−1
(
(ξ⊲p + vp) α
)
+ (η⊲q + vq) α.
Thus we have
∂⊲α|(p,q) = (ε
2
0)
∗
α− (ε21)
∗
α+Adq−1 ◦(ε
2
2)
∗
α = 0.
Hene α is a right onnetion 1-form.
2⇒1 Set H = kerα. It is lear that H is a horizontal distribution for the ber bundle
X1
φ
−→ Y1. Sine ∂
⊲α = 0, H is a subgroupoid of the tangent groupoid TX1 ⇒ TM by
Eq. (37).
The right and left onnetion 1-forms of a Lie groupoid extension onnetion are related
in a simple manner as desribed in the following
Proposition 4.13. Let X1
φ
−→ Y1 ⇒ M be a Lie groupoid extension. And let H ⊂ TX1
be a Lie groupoid extension onnetion, α ∈ Ω1(X1, t
∗K), and β ∈ Ω1(X1, s
∗K) the right
and left onnetion 1-forms assoiated to H, respetively. Then α and β are related by the
following equation: β|x = Adx ◦α|x, ∀x ∈ X1.
Proof. This equation is obviously true on horizontal vetors. Moreover, the equation ξ⊲x =
(Adx ξ)
⊳
x , ∀ξ ∈ K, implies the expeted result on vertial vetors.
4.4 Connetions on groupoid G-extensions
In this subsetion, we onsider a Lie groupoid G-extension X•
φ
−→ Y• whose kernel K is
endowed with a trivialization χ :M ×G→ K. Thus X1
φ
−→ Y1 is a prinipal G-G bibundle.
Assume that there exists a groupoid extension onnetion H on φ. A natural question is
when this onnetion is a onnetion for the right (or left) prinipal G-bundle X1
φ
−→ Y1.
Aording to Eq. (30), there is an indued onnetion HK on the kernel K → M . Via
the trivialization χ, it in turn indues a onnetion on the group bundle M × G → M ,
whih is denoted by the symbol H ′. Then H ′ is a onnetion for the trivial extension
M ×G→M ⇒M .
For any ξ ∈ g, ξR denotes the right invariant vetor eld on G orresponding to ξ.
Assoiated to H ′, there exists a family {Fg}g∈G of g-valued 1-forms on M suh that
(vm,
(
Fg(vm)
)R
g
) ∈ TmM × TgG is the unique element of H
′
(m,g) whose projetion in TmM
is vm. In other words, {Fg} measures the defet between H
′
(m,g) and T(m,g)(M ×{g}). Note
that, by denition
Fg(vm) = −β|(m,g)(g∗vm), (38)
where g∗ stands for the dierential of the onstant setion m→ (m, g) of M ×G→M .
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Lemma 4.14. The ondition
H ′(m,g) ·H
′
(m,h) = H
′
(m,gh)
is equivalent to
Fgh = Fg +Adg Fh, ∀g, h ∈ G. (39)
I.e. F : G → Ω1(M) ⊗ g is a Lie group 1-oyle, where G ats on Ω1(M) ⊗ g by adjoint
ation on the seond fator. In partiular, Fe = 0, where e denotes the unit element of G.
Proof. It is simple to see that
(vm, (Fg(vm)
)R
g
) · (vm, (Fh(vm))
R
h ) = (vm, Rh∗(Fg(vm))
R
g + Lg∗(Fh(vm)
R
h )
= (vm, (Fg(vm) + Adg Fh(vm))
R)gh.
Thus the right hand side belongs to H ′(m,gh) if, and only if, Eq. (39) is satised.
Corollary 4.15. Under the same hypothesis as in Lemma 4.14, if G = S1, then Fg = 0,
∀g ∈ G.
Proof. Sine G is abelian, Eq. (39) beomes Fgh = Fg + Fh. Sine there is no non-trivial
group homomorphism between S1 and R, F must vanish. In other words, for S1-extensions,
{M × {eiθ}}θ must be horizontal setions for the group bundle M × S
1 →M .
Proposition 4.16. Let X•
φ
−→ Y• be a Lie groupoid G-extension whose kernel K is endowed
with a trivialization χ :M×G→ K. Assume that H is a Lie groupoid extension onnetion
with its assoiated right and left onnetion 1-forms α and β respetively.
1. If ξx ∈ Hx, then
Rg∗ξx +
(
Adg−1 Fg(t∗ξx)
)
⊲
xg
∈ Hxg
and
Lg∗ξx +
(
Fg(s∗ξx)
)
⊳
gx
∈ Hgx.
2. The onnetion 1-forms satisfy
R∗gα−Adg−1 α+ t
∗(Adg−1 Fg) = 0
and
L∗gβ −Adg β + s
∗Fg = 0.
Proof. 1. It is simple to hek that ∀ξ ∈ Hx,
ξx ·
(
t∗ξx, Rg∗Fg(t∗ξx)
)
= Rg∗ξx +
(
Adg−1 Fg(t∗ξx)
)
⊲
xg
,
where · on the left hand side stands for the groupoid multipliation on TX1 ⇒ TM .
It thus follows that Rg∗ξx +
(
Adg−1 Fg(t∗ξx)
)
⊲
xg
∈ Hxg.
Similarly, ∀ξ ∈ Hx,(
s∗ξx, Rg∗Fg(s∗ξx)
)
· ξx = Lg∗ξx + Fg(s∗ξx)
⊳
gx.
Thus Lg∗ξx +
(
Fg(s∗ξx)
)
⊳
gx
∈ Hgx.
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2. Easy onsequene of (1).
As an immediate onsequene, we have the following
Corollary 4.17. The following assertions are equivalent:
1. Fg = 0, ∀g ∈ G;
2. M × {g}, ∀g ∈ G, is horizontal.
3. H is right G-invariant (Rg∗H = H, ∀g ∈ G), i.e. α ∈ Ω
1(X1) ⊗ g is a onnetion
one-form for the right G-prinipal bundle X1 → Y1;
4. H is left G-invariant (Lg∗H = H, ∀g ∈ G), i.e. β ∈ Ω
1(X1) ⊗ g is a onnetion
one-form for the left G-prinipal bundle X1 → Y1.
By Corollary 4.15, we are led to the following result, as expeted.
Corollary 4.18. A onnetion on a Lie groupoid S1-extension X• → Y• must be a prinipal
left (and right) S1-bundle onnetion.
When the kernel of the groupoid extension X1
φ
−→ Y1 ⇒ M is not identied to M × G,
Lemma 4.14 and Proposition 4.16 an be generalized by replaing the setion M ×{g} by
any setion σ of K →M .
Dene the transformations Rσ : x1 → x1 · σt(x1) and Lσ : x1 → σs(x1) · x1 of X1, and
let Fσ := −σ
∗β. By onstrution, we have Fσ ∈ Ω
1(M,K). Aording to Eq. (38), we
reover the previous denition Fg when K = M × G and σ(m) = (m, g), whih justies
the notation.
Lemma 4.19. The ondition
HKσ1 ·H
K
σ2 = H
K
σ1·σ2 , ∀σ1, σ2 ∈ K suh that pi(σ1) = pi(σ2) (40)
is equivalent to
Fσ1σ2 = Fσ1 +Adσ1 Fσ2 , ∀σ1, σ2 ∈ Γ(K). (41)
I.e. F : Γ(K) → Ω1(M) ⊗ Γ(K) is a group 1-oyle, where Γ(K) ats on Ω1(M) ⊗ Γ(K)
by the adjoint ation on the seond fator. In partiular, Fe = 0, where e denotes the unit
setion of K.
Proof. The proof is similar to that of Lemma 4.14 and is omitted.
Given σ ∈ Γ(K) and x ∈ X1, we use the shorthand σx (resp. xσ) for σs(x) ·x (resp. x ·σt(x)).
Proposition 4.20. Let X1
φ
−→ Y1 ⇒M be a groupoid G-extension endowed with a groupoid
extension onnetion H with assoiated right and left onnetion 1-forms α and β respe-
tively. Let σ ∈ Γ(K).
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1. If vx ∈ Hx, then
Rσ∗vx +
(
Adσ(t(x))−1 Fσ(t∗vx)
)
⊲
xσ
∈ Hxσ
and
Lσ∗vx +
(
Fσ(s∗vx)
)
⊳
σx
∈ Hσx.
2. The onnetion 1-forms satisfy
R∗σα−Adσ−1 α+ t
∗(Adσ−1 Fσ) = 0 (42)
and
L∗σβ −Adσ β + s
∗Fσ = 0. (43)
Proof. The proof is similar to that of Proposition 4.16 and is omitted.
4.5 Covariant derivative on the bundle of Lie algebras
Using parallel transport on the Lie algebra bundle K→M , one an introdue a ovariant
derivative on its spae of setions:
(∇•
γ
ξ)γ(0) =
d
dt
τγ−t(ξγ(t))
∣∣
0
, (44)
where γ ∈ M I , ξ ∈ Γ(K → M) and τγ−t denotes the parallel transport from Kγ(t) to Kγ(0)
along the path γ. The following proposition is obvious.
Proposition 4.21. 1. (∇•
γ
ξ)γ(0) =
d
dt
∣∣
0
d
ds
∣∣
0
τγ−t(exp sξγ(t));
2. ∇Xξ is C
∞(M)-linear in X and R-linear in ξ;
3. ∇X(fξ) = X(f) · ξ + f · ∇Xξ; and
4. ∇X [ξ, η] = [∇Xξ, η] + [ξ,∇Xη],
where ξ, η ∈ Γ(K) and X ∈ X(M).
Proposition 4.22.
(
∇Xξ
)
x
= d
ds
∣∣
0
Fexp sξ(Xx).
Proof. First, one easily heks that
d
dt
τγ−t(exp sξγ(t))
∣∣
0
= Ver
(
d
dt
exp sξγ(t)
∣∣
0
)
=
(
β( d
dt
exp sξγ(t)
∣∣
0
)
)
⊳
exp sξγ(0)
.
Seond, one has(
∇•
γ
ξ
)
γ(0)
= d
dt
∣∣
0
d
ds
∣∣
0
τγ−t(exp sξγ(t))
= d
dt
∣∣
0
d
ds
∣∣
0
(
τγ−t(exp sξγ(t)) · exp(−sξγ(0))
)
· exp(sξγ(0))
= d
dt
∣∣
0
(
d
ds
τγ−t(exp sξγ(t)) · exp(−sξγ(0))
∣∣
0
+ ξγ(0)
)
= d
ds
∣∣
0
d
dt
∣∣
0
τγ−t(exp sξγ(t)) · exp(−sξγ(0))
= d
ds
∣∣
0
(
Rexp(−sξγ(0))∗
(
β( d
dt
exp sξγ(t)
∣∣
0
)
)
⊳
exp sξγ(0)
)
= d
ds
∣∣
0
β
(
d
dt
exp sξγ(t)
∣∣
0
)
= d
ds
∣∣
0
Fexp sξ(
•
γ(0)).
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The onnetion HK dened on the Lie algebra bundle K→M naturally indues a onne-
tion on the pull bak bundle t
∗K→ X1, given by H
t∗K = (tˆ∗)
−1HK, where tˆ : t∗K→ K is
the projetion. The assoiated ovariant derivatives are related by
∇tv(t
∗ξ) = t∗
(
∇t∗vξ
)
, ∀v ∈ TX1, ∀ξ ∈ Γ(K),
where t
∗ξ ∈ Γ(t∗K → M) denotes the pull-bak through t of a setion ξ ∈ Γ(K → M).
Similarly, we have the pull bak onnetion Hs
∗K
on s
∗K→ X1, whose ovariant derivative
is denoted by ∇s.
Proposition 4.23. 1. For every η ∈ Γ(t∗K → X1), we dene an assoiated vertial
vetor eld on X1:
η◮x :=
d
dτ
∣∣
0
x · exp
(
τη(x)
)
.
Then
∇tXη = (Lη◮α)(X) + [η, α(X)]. (45)
2. For every η ∈ Γ(s∗K→ X1), we dene an assoiated vertial vetor eld on X1:
η◭x :=
d
dτ
∣∣
0
exp
(
τη(x)
)
· x.
Then
∇sXη = (Lη◭β)(X) − [η, β(X)]. (46)
Here the notations η◮x and η
◭
x generalize those in Eq. (35). More preisely, for any η ∈
Γ(K→M), we have (t∗η)◮ = η⊲ and (s∗η)◭ = η⊳.
Proof. We will prove (1). The argument for (2) is similar.
Let ξ be a setion of K→M . Setting σ = exp(uξ) in Eq. (42) and evaluating on a tangent
vetor Xx, we get
α(Rexp(τξ)∗Xx)−Ad
−1
exp(τξ) α(Xx) + Ad
−1
exp(τξ) Fexp(τξ)(t∗Xx) = 0.
Dierentiating with respet to τ at u = 0 and using Proposition 4.22, we obtain
−(Lξ⊲α)(Xx) + [t
∗ξ, α(Xx)] + (∇t∗Xξ)t(x) = 0,
where ξ⊲x :=
d
dτ
∣∣
0
x · exp
(
τξ(t(x))
)
. Hene ∇tXt
∗ξ = (Lξ⊳α)(X) + [t
∗ξ, α(X)].
Now, for any funtion f ∈ C∞(X1), we have
∇tX(f · t
∗ξ) =X(f) · t∗ξ + f∇tX(t
∗ξ)
=X(f) · t∗ξ + f
(
Lξ⊲ (α(X)) − α([ξ
⊲,X]) + [t∗ξ, α(X)]
)
=Lfξ⊲
(
α(X)
)
− α([fξ⊲,X]) + [f · t∗ξ, α(X)]
=(Lfξ⊲α)(X) + [f · t
∗ξ, α(X)].
The result follows from the fat that any setion η ∈ Γ(t∗K→ X1) is a linear ombination
of setions of the type f · t∗ξ for ξ ∈ Γ(K→M) and f ∈ C∞(X1).
Remark 4.24. If X is horizontal, α(X) = 0 and β(X) = 0 and therefore we have
∇tXη = α([X, η
◮]), ∀η ∈ Γ(t∗K→ X1) (47)
and
∇sXη = β([X, η
◭]), ∀η ∈ Γ(s∗K→ X1). (48)
34
4.6 Ehresmann urvature
In this subsetion, we study the urvature of a onnetion H on a Lie groupoid extension.
We denote the horizontal and vertial parts of a vetor v ∈ TX1 by Hor(v) and Ver(v)
respetively. Reall that the Ehresmann urvature of a horizontal distribution H, on the
bundle X1
φ
−→ Y1, is the 2-form on X1, valued in the vertial spae kerφ∗, whih is dened
by
ω(u, v) = −Ver
(
[Hor(u˜),Hor(v˜)]
)
, (49)
where u, v ∈ TxX1 and u˜, v˜ are vetor elds on X1 suh that u˜x = u and v˜x = v. It is easy
to hek that the right hand side of Eq. (49) is well dened, i.e. independent of the hoie
of the vetor elds u˜, v˜.
Using the right (resp. left) ation of K on X1, one an identify the vertial spae ker φ∗ ⊂
TxX1 of the groupoid extension X1
φ
−→ Y1 with t
∗K (resp. s∗K) via the right (resp. left)
ation of K on X1. Therefore, the urvature of the onnetion H an be seen as a 2-
form either in Ω2(X1, ker φ∗), Ω
2(X1, t
∗K) or Ω2(X1, s
∗K). Note that for any Lie algebra
bundle K → M over a smooth manifold M , there is a graded Lie braket Ωk(M,K) ⊗
Ωl(M,K)
[·,·]
−−→ Ωk+l(M,K) given by [ω1 ⊗ a1, ω2 ⊗ a2] = (ω1 ∧ ω2) ⊗ [a1, a2], ∀a1, a2 ∈
Γ(K), ω1 ∈ Ω
k(M), ω2 ∈ Ω
l(M). In partiular, for any α ∈ Ω1(M,K), and any vetor elds
X,Y ∈ X(M), we have 12 [α,α](X,Y ) = [α(X), α(Y )].
The following lemma indiates that, similar to the ase of prinipal bundles, the Ehresmann
urvature an be omputed using the standard formula.
Lemma 4.25. 1. If α ∈ Ω1(X1, t
∗K) is a left onnetion 1-form of a groupoid extension
onnetion, then its urvature 2-form ω ∈ Ω2(X1, t
∗K) is given by
ω = d∇
t
α+ 12 [α,α],
where d∇
t
: Ω•(X1, t
∗K) → Ω•+1(X1, t
∗K) denotes the exterior ovariant derivative
indued by ∇t.
2. Similarly, if β ∈ Ω1(X1, s
∗K) is a left onnetion 1-form of a groupoid extension
onnetion, then its urvature 2-form ω ∈ Ω2(X1, s
∗K) is given by
ω = d∇
s
β − 12 [β, β],
where d∇
s
: Ω•(X1, s
∗K) → Ω•+1(X1, s
∗K) denotes the exterior ovariant derivative
indued by ∇s.
Proof. The proof is straightforward and is omitted.
Now let us reall a general fat regarding horizontal distributions. I.e. the Ehresmann
urvature is the holonomy of innitesimal loops (see [55, page 118℄). For any point m in
a manifold N and any tangent vetors u, v ∈ TmN , we say that a smooth map C from a
neighborhood of 0 in R2 to a neighborhood of m ∈ N is adapted to (u, v) if
C∗
(
∂
∂x |0
)
= u and C∗
(
∂
∂y |0
)
= v,
where x, y are the standard oordinates on R2.
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Consider now, for any small enough ε1, ε2, the loop Rε1,ε2 : [0, 1]→ R
2
obtained by turning
anti-lokwise along the retangle with edges (0, 0), (ε1, 0), (ε1, ε2), (0, ε2). Dene, for any
(small enough) ε1, ε2, a family of loops L
C
ε1,ε2
on N by
LCε1,ε2 = C◦Rε1,ε2 . (50)
The urvature an be omputed from the holonomy aording to the following formula:
Proposition 4.26. For any C adapted to (u, v), we have
∂2
∂ε1∂ε2 |ε1=ε2=0
Hol
(
LCε1,ε2
)
= ω(u, v). (51)
From now on, we shall work only with the right-onnetion 1-form α. Below we list two
important identities that ω satises, whih we all Bianhi identities. They will turn out
to be of fundamental importane in the sequel.
Theorem 4.27. Let ω ∈ Ω2(X1, t
∗K) be the Ehresmann urvature for a Lie groupoid
extension onnetion α ∈ Ω1(X1, t
∗K). Then we have the Bianhi identities:
d∇
t
ω + [α, ω] = t∗ωK(α) (52)
∂⊲ω = 0, (53)
where ωK ∈ Ω2(M,End(K)) is the urvature of the indued onnetion ∇ on the Lie algebra
bundle K → M , and t∗ωK(α) ∈ Ω3(X1, t
∗K) is the t∗K-valued 3-form on X1 obtained
by omposing t
∗ωK ∈ Ω2(X1,End(t
∗K)) with α ∈ Ω1(X1, t
∗K) under the natural pairing
Ω2
(
X1,End(t
∗K))⊗ Ω1
(
X1, t
∗K)→ Ω3(X1, t
∗K).
Proof. Let us prove Eq. (52) rst. By Lemma 4.25(1), we have
(d∇
t
+ adα)ω = (d
∇t + adα)◦(d
∇t + 12 adα)(α)
= (d∇
t
)2α+ 12d
∇t [α,α] + [α, d∇
t
α] + 12 [α, [α,α]]. (54)
The graded Jaobi identity implies that [α, [α,α]] = 0. Sine ∇t is a onnetion on the
Lie algebra bundle t
∗K→ X1 we have
1
2d
∇t [α,α] = [d∇
t
α,α] = −[α, d∇
t
α]. Eq. (54) then
beomes (d∇
t
− adα)ω = (d
∇t)2α. On the other hand, the urvature of ∇t is t∗ωK. Hene
we have (d∇
t
)2α = t∗ωK(α). This onludes the proof of Eq. (52).
Let us prove Eq. (53). Denote by p1,m, p2 the three fae maps from X2 to X1 (previously
denoted by ε10, ε
1
1, ε
1
2): p1(x1, x2) = x1, m(x1, x2) = x1x2, p2(x1, x2) = x2. We denote by
(u, v), with u ∈ Tx1X1, v ∈ Tx2X1 and t∗u = s∗v, an element in T(x1,x2)X2. Note that
m∗(u, v) = u · v, where the dot on the right hand side stands for the multipliation in the
tangent groupoid TX1 ⇒ TM .
For any omposable pair (x1, x2) ∈ X2, and any (u1, u2), (v1, v2) ∈ T(x1,x2)X2, let us hoose
a smooth map c from a neighborhood U of 0 in R2 to a neighborhood of (x1, x2) ∈ X2
adapted to
(
(u1, u2), (v1, v2)
)
. Then p1◦c, m◦c and p2◦c are smooth maps from U to X1
adapted to (u1, v1) in Tx1X1, (u1u2, v1v2) in Tx1·x2X1 and (u2, v2) in Tx2X1, respetively.
For any small enough ε1, ε2, the loops L
p1◦c
ε1,ε2 and L
p2◦c
ε1,ε2 , as dened in Eq. (50), are om-
patible and their produt is preisely Lm◦cε1,ε2 . Aording to Proposition 4.8, we have
Hol(Lm◦cε1,ε2) = Adx−12
Hol(Lp2◦cε1,ε2) · Hol(L
p1◦c
ε1,ε2
).
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Applying
∂2
∂ε1∂ε2
∣∣
ε1=ε2=0
to this equation and using Eq. (51), one obtains
ω(u1 · u2, v1 · v2) = ω(u2, v2) + Adx−12
ω(u1, v1).
The result now follows.
Remark 4.28. The relation between Theorem 4.27 and Eqs. (6.1.12)-(6.1.15) in [14℄ is
investigated in [15℄.
5 Indued onnetions on the band
5.1 Indued horizontal distributions on the band
Let X1
φ
−→ Y1 ⇒ M be a Lie groupoid G-extension endowed with a onnetion H ⊂ TX1.
The purpose of this subsetion is to onstrut an indued onnetion on the band out of
the onnetion H. First of all, let us reall some basi notions.
Denition 5.1 ([35℄). Let Γ1 ⇒ Γ0 be a Lie groupoid with Lie algebroid A. A onnetion
on a prinipal G-bundle P
J
−→ Γ0 over Γ1 ⇒ Γ0 is a G-invariant horizontal distribution
H ⊂ TP satisfying the following two onditions:
1. for eah p ∈ P , we have the inlusion Aˆp ⊂ Hp, where Aˆp denotes the subspae of
TpP generated by the innitesimal ation of the Lie algebroid A→ Γ0;
2. the distribution {Hp}p∈P on P is preserved under the ation of Uloc(Γ•), the pseudo-
group of loal bisetions [37℄ of Γ1 ⇒ Γ0, whih naturally ats on P loally.
First we onsider the right Aut(G)-prinipal bundle Iso(K, G)→M . For any g ∈ G, let
evg : Iso(K, G) → K : f 7→ f(g)
be the evaluation map. Dierentiating it with respet to f yields, for all xed g ∈ G, a
map
Tf Iso(K, G)
evg∗
−−−→ Tf(g)K.
We dene a horizontal distribution H iso on Iso(K, G)→M by
H isof =
{
v ∈ Tf Iso(K, G)| evg∗ v ∈ H
K
f(g), ∀g ∈ G
}
⊂ Tf Iso(K, G), (55)
where, as dened in Eq. (30), HK denotes the indued onnetion on the kernel K → M .
It is obvious that H iso is invariant under the Aut(G)-ation on Iso(K, G).
Set
Hout = ρ∗H
iso,
where ρ : Iso(K, G) → Out(K, G) denotes the projetion. It is lear thatHout is a horizontal
distribution on the bundle Out(K, G)→M .
The following lemma is immediate.
Lemma 5.2. 1. The horizontal paths in Iso(K, G) are the paths ft suh that, for any
g ∈ G, evg ft = ft(g) is a horizontal path in K.
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2. The horizontal paths in Out(K, G) are the images of horizontal paths in Iso(K, G)
under the projetion ρ : Iso(K, G) → Out(K, G).
Proposition 5.3. The horizontal distribution Hout denes a onnetion on the band.
Proof. First, as H iso is invariant under the right Aut(G)-ation, Hout is invariant under
the right Out(G)-ation.
Seond, ∀m ∈ M , let f be any element in Iso(K, G)|m and τ 7→ γ(τ) a path in Y1 lying
in the target ber t−1(m) over m. Consider the horizontal lift τ 7→ γ¯(τ) of γ in X1. Fix
f ∈ Iso(K, G)|m. For all g ∈ G, the paths τ 7→ γ¯(τ)f(g)(γ¯(τ))
−1
in K are horizontal paths.
Therefore, the path τ 7→ ρ(Adγ¯(τ) ◦f) in Out(K, G) is horizontal by Lemma 5.2. Sine any
element of Aˆf is tangent to suh a path at its origin, we have Aˆf ⊂ H
out
f .
For any f ∈ Iso(K, G)|m, let mτ be any path in M starting at the point m. For any g ∈ G,
by m¯
f(g)
τ , we denote the horizontal lift of mτ in K starting at the point f(g) ∈ Km. Let fτ
be a path in Iso(K, G) dened by fτ (g) = m¯
f(g)
τ , ∀g ∈ G. By denition, fτ is the horizontal
lift of mτ in Iso(K, G) through the point f . Hene, ρ(fτ ) is the horizontal lift of mτ in
Out(K, G) starting at the point ρ(f).
To show that Hout is preserved under the ation of Uloc(Y•), it sues to show that, for
any L ∈ Uloc(Y•), L · ρ(fτ ) is still a horizontal path in Out(K, G). For this purpose, let στ
be the unique path in L suh that t◦στ = mτ , and let σ¯τ be any of its horizontal lifts on
X1. By denition,
L · ρ(fτ ) = στ · ρ(fτ ) = ρ
(
Adσ¯τ ◦fτ
)
,
whih is learly still a horizontal path sine the paths(
Adσ¯τ ◦fτ
)
(g) = σ¯τ · m¯
f(g)
τ · (σ¯τ )
−1
are horizontal in K, for all g ∈ G. This onludes the proof.
5.2 Connetion 1-forms on the band
A onnetion on a prinipal bundle over a Lie groupoid an be equivalently desribed by
a 1-form, alled the onnetion 1-form.
Denition 5.4 ([35℄). Let P
J
−→ Γ0 be a prinipal G-bundle over a Lie groupoid Γ1 ⇒ Γ0.
A onnetion 1-form is a usual onnetion 1-form θ ∈ Ω1(P )⊗ g of the prinipal G-bundle
P → Γ0 (ignoring the groupoid ation), satisfying the additional equation t
∗θ − s∗θ = 0.
Here s and t are the soure and target maps of the transformation groupoid Γ1×t,Γ0,JP ⇒ P
assoiated to the Γ•-ation on P .
Just like the usual prinipal G-bundles, we have the following (see Proposition 3.6 in [35℄):
Proposition 5.5. For a prinipal G-bundle over a Lie groupoid, a onnetion is equivalent
to a onnetion 1-form.
The purpose of this subsetion is to onstrut the onnetion 1-form for the indued on-
netion on the band, and to prove diretly that it satises the onditions in Denition
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5.4. Hene, this subsetion an be onsidered as an alternative approah to obtain, from a
onnetion on a groupoid G-extension, an indued onnetion on its band.
Let X1
φ
−→ Y1 ⇒ M be a Lie groupoid G-extension endowed with a groupoid G-extension
onnetion. Let α ∈ Ω1(X1, t
∗K) be its orresponding right onnetion 1-form and αK ∈
Ω1(K, t∗K) the indued onnetion 1-form on the group bundle K
pi
−→ M obtained by
restriting α to K.
Denote by ∂ the Lie group ohomology dierential of G with values in its Lie algebra g,
where G ats on g by the adjoint ation. In partiular, for any ξ ∈ g, ∂ξ is the g-valued
funtion on G given by (∂ξ)(g) = ξ −Adg−1ξ, ∀g ∈ G.
The following lemma is standard.
Lemma 5.6. Let G be a Lie group with Lie algebra g.
1. The Lie algebra LieAut(G) of Aut(G) is naturally identied with the spae of 1-
oyles Z1(G, g) with the braket:
[z1, z2](g) = z2∗(z1(g))− z1∗(z2(g)) − [z1(g), z2(g)], ∀z1, z2 ∈ Z
1(G, g), g ∈ G,
where for any z ∈ Z1(G, g), z∗ : g→ g is the dierential of z at the identity.
The isomorphism from LieAut(G) to Z1(G, g) is given as follows. Let ft be any C
1
-
path in Aut(G) with f0 = id. Then the element z(g) in Z
1(G, g) orresponding to
dft
dt
|t=0 ∈ LieAut(G) is
z(g) = (Lg−1)∗
dft(g)
dt
∣∣∣∣
t=0
. (56)
2. The Lie algebra Lie Inn(G) of Inn(G) is naturally identied with the spae of 1-
oboundaries B1(G, g).
3. Let Ad : g → B1(G, g) be the Lie algebra morphism orresponding to the Lie group
morphism G→ Inn(G) given by x→ Adx. Then Ad ξ = ∂ξ, ∀ξ ∈ g.
4. The Lie algebra LieOut(G) of Out(G) is naturally identied with the rst ohomology
group H1(G, g).
Dene a C∞(G, g)-valued 1-form αiso on Iso(K, G) by
(v αiso)(g) = f−1∗ (evg∗(v) α
K), f ∈ Iso(K, G), and v ∈ Tf Iso(K, G),
where f∗ : g→ Km is the Lie algebra isomorphism orresponding to the Lie group isomor-
phism f : G → Km, and α
K ∈ Ω1(K,K) is the pull bak of the right onnetion 1-form α
on K.
Lemma 5.7. The 1-form αiso is Z1(G, g)-valued. I.e. αiso ∈ Ω1(Iso(K, G)) ⊗ Z1(G, g).
Proof. Denote by m : K×MK → K the multipliation in the Lie group bundle K and by p1
and p2 the projetions of K×MK onto its rst and seond fators respetively. The relation
∂⊲α = 0 implies that ∂⊲Kα
K = 0, where ∂⊲K stands for the restrition of ∂
⊲
to the simpliial
manifold assoiated to the groupoid K⇒M . Therefore, for any (k1, k2) ∈ K ×M K,
m∗αK = p∗2α
K +Ad
k−12
p∗1α
K. (57)
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For any g1, g2 ∈ G and f ∈ Iso(K, G), dierentiating with respet to f the relation
evg1g2 f = m(evg1 f, evg2 f), one obtains that for any v ∈ Tf Iso(K, G),
evg1g2∗(v) = m∗(evg1∗ v, evg2∗ v).
Eq. (57) implies that
evg1g2∗(v) α
K = evg2∗(v) α
K +Ad(f(g2))−1(evg1∗(v) α
K).
Applying f−1∗ yields that
(v αiso)(g1g2) = (v α
iso)(g2) + Adg−12
(v αiso)(g1).
Therefore αiso takes its values in the Lie algebra Z1(G, g).
Proposition 5.8. The 1-form αiso ∈ Ω1(Iso(K, G))⊗Z1(G, g) denes a onnetion on the
Aut(G)-prinipal bundle Iso(K, G) →M .
Proof. For any η ∈ Z1(G, g), denote by η⊲f the tangent vetor in Tf Iso(K, G) indued by
the innitesimal ation of the Lie algebra Z1(G, g).
Dierentiating the relation evg(f · ψ) = (f ◦ψ)(g) with respet to ψ ∈ Aut(G) at the
identity, one obtains the relation evg∗(η
⊲
f ) =
(
f∗η(g)
)
⊲
for any η ∈ Z1(G, g) and g ∈ G.
Hene αK(evg∗ η
⊲) = f∗η(g). Applying f
−1
∗ , we obtain, for any η ∈ Z
1(G, g),
η⊲ αiso = η. (58)
Let us now hek that αiso is Aut(G)-equivariant. Fix ψ ∈ Aut(G). Dierentiating the
relation evg(f · ψ) = (f ◦ψ)(g) with respet to f , one obtains the relation evg∗(Rψ)∗v =
evψ(g)∗ v for all v ∈ Tf Iso(K, G). Applying (f ◦ψ)
−1
∗ ◦α
K
yields
(ψ∗v α
iso)(g) = ψ−1∗ (v α
iso
(
ψ(g)
)
=
(
Adψ−1(v α
iso)
)
(g). (59)
Eqs. (58)-(59) imply that αiso is a onnetion 1-form.
Proposition 5.9. The following are equivalent haraterizations of a onnetion on the
Aut(G)-prinipal bundle Iso(K, G) →M :
1. a onnetion 1-form αiso ∈ Ω1
(
Iso(K, G)
)
⊗ Z1(G, g) as in Proposition 5.8;
2. a distribution H iso ⊂ T Iso(K, G) as in Eq. (55);
3. horizontal paths in Iso(K, G) are those paths ft suh that, for any g ∈ G, evg ft =
ft(g) is a horizontal path in K.
Proof. 1⇔2 It is straightforward to hek that ker(αiso) = H iso. Hene H iso denes the
same onnetion as αiso. In partiular, it is an Aut(G)-invariant horizontal distribution.
2⇔3 A path ft is horizontal if, and only if, its tangent vetors are in H
iso
. In other words,
the tangent vetors of the paths ft(g) are in H
K
for all g ∈ G. Therefore the horizontal
paths of the onnetion dened by H iso or αiso are the paths in Iso(K, G) suh that, for
any g ∈ G, evg(ft) = ft(g) is a horizontal path in K. This ompletes the proof.
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Assume that we are given a short exat sequene of Lie groups 1 → R → G → H → 1.
Then, for any prinipal G-bundle P → M , P/R → M is a prinipal H-bundle. Given a
onnetion 1-form θ ∈ Ω1(P ) ⊗ g, then θ¯ := pr(θ) is a h-valued 1-form on P whih is
R-basi. Here pr : g → h is the natural projetion. Therefore, it desends to a h-valued
1-form on P/R, whih is a onnetion 1-form on the prinipal H-bundle P/R→M .
Applying this onstrution to the partiular ase of the exat sequene 1→ Inn(G)/Z(G) →
Aut(G)→ Out(G)→ 1 and the onnetion 1-form αiso on Iso(K, G), we obtain a onne-
tion 1-form αout ∈ Ω1(Out(K, G)) ⊗H1(G, g).
Reall that X1 ⇒M ats on Iso(K, G)
pi
−→M by onjugation, so Iso(K, G)
pi
−→M is indeed
an Aut(G)-torsor over X1 ⇒M . One an onsider the transformation groupoid:
X1 ×M Iso(K, G)⇒ Iso(K, G).
Similarly, Y1 ⇒M ats on Out(K, G)
pi
−→M , so Out(K, G)→M is an Out(G)-torsor over
Y1 ⇒M . And one an onsider the transformation groupoid
Y1 ×M Out(K, G) ⇒ Out(K, G).
Proposition 5.10. The onnetion 1-form αout ∈ Ω1(Out(K, G))⊗H1(G, g) is ompatible
with the Y•-ation. More preisely, the following relation holds:
s
∗αout − t∗αout = 0.
Here s and t denote the soure and target maps of the transformation groupoid Y1 ×M
Out(K, G)⇒ Out(K, G).
The above proposition is an immediate onsequene of the following lemma.
Lemma 5.11. For all (x, f) ∈ X1 ×M Iso(K, G), we have
s
∗αiso − t∗αiso = ∂
(
p∗(f−1∗ ◦αx)
)
, (60)
where both sides are 1-forms on X1×M Iso(K, G) with values in Z
1(G, g). Here, s and t are
the soure and target maps of the transformation groupoid X1 ×M Iso(K, G) ⇒ Iso(K, G)
and p : X1 ×M Iso(K, G) → X1 is the projetion on the rst omponent. Note that s
∗αiso
and t
∗αiso are 1-forms on X1 ×M Iso(K, G) with values in Z
1(G, g). On the right hand
side, the pull-bak via p of the omposition of the Kt(x)-valued ovetor αx on X1 and
the isomorphism f−1∗ : Kt(x) → g is a ovetor on X1 ×M Iso(K, G) at (x, f) with values
in g. Therefore, ∂
(
p∗(f−1∗ ◦αx)
)
is a ovetor of X1 ×M Iso(K, G) at (x, f) with values in
B1(G, g).
Proof. The tangent spae T(x,f)
(
X1 ×M Iso(K, G)
)
onsists of the pairs (u, v) ∈ TxX1 ×
Tf Iso(K, G) suh that t∗u = pi∗v, and therefore is the diret sum of the following three
vetor spaes:
E1 :=
{
(0, η⊲f )|η ∈ Z
1(G, g)
}
,
E2 :=
{
(ξ⊲x , 0)|ξ ∈ Kt(x)
}
,
E3 :=
{
(u, v)|u ∈ Hx, v ∈ H
iso
f , t∗u = pi∗v
}
.
Below we hek that Eq. (60) holds on eah of the diret summands.
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• By onstrution,
(0, η⊲)
(
s
∗αiso − t∗αiso
)
= η − η = 0,
and
(0, η⊲) p∗α = 0.
Therefore, Eq. (60) holds on E1.
• Fixing (x, f) ∈ X1 ×M Iso(K, G) and dierentiating the relation
s(x · k, f) = Adxk ◦f = (Adx ◦f) ·Adf−1(k) ∈ Iso(K, G)
with respet to k ∈ Kt(x) at the identity, we obtain
s∗(ξ
⊲, 0)|(x,f) =
(
∂(f−1∗ ξ)
)
⊲
Adx ◦f
.
Here Adf−1(k) is onsidered as an element in Inn(G) ⊂ Aut(G) and the dot refers to
the right Aut(G)-ation on Iso(K, G). Hene, we have
(ξ⊲, 0)
(
s
∗αiso − t∗αiso
)
= ∂(f−1∗ ξ),
while, on the other hand,
(ξ⊲, 0) ∂
(
p∗f−1∗ (αx)
)
= ∂(f−1∗ ξ).
Therefore, Eq. (60) holds on E2.
• Let (u, v) ∈ E3. We have
(u, v) ∂
(
p∗(f−1∗ ◦α)
)
= ∂
(
f−1∗ (v αx)
)
= 0 (61)
and
(u, v) t∗αiso = v αiso = 0. (62)
Let xt and ft be horizontal paths in X1 and Iso(K, G), respetively, suh that pi◦ft =
t◦xt, for all t, and
d
dt
(xt, ft)
∣∣
t=0
= (u, v). For any g ∈ G, ft(g) is an horizontal path
in K by Proposition 5.9(3). Sine a path in K is horizontal in K if, and only if, it is
horizontal when onsidered as a path in X1, and the produt of horizontal paths in
X1 is horizontal by Proposition 4.3, xt · ft(g) · x
−1
t is an horizontal path in K for all
g ∈ G. Sine s(x, f) = Adx ◦f , it thus follows that s∗(u, v) =
d
dt
(xt · ft(g) · x
−1
t )
∣∣
t=0
is a horizontal vetor in Iso(K, G). Together with Eqs. (61)-(62), this implies that
Eq. (60) holds on E3.
Proposition 5.10 means that αout is indeed a onnetion 1-form for the prinipal Out(G)-
bundle Out(K, G)→M over Y•, i.e. a onnetion 1-form on the band.
In summary, we have the following
Theorem 5.12. The 1-form αout ∈ Ω1
(
Out(K, G)
)
⊗H1(G, g) is a onnetion 1-form on
the band of the G-extension, whose orresponding horizontal distribution is Hout.
Remark 5.13. As shown in [35℄, onnetions behave well with respet to Morita equivalene.
More preisely, there is a 1-1 orrespondene between onnetions on prinipal bundles
over Morita equivalent groupoids. Therefore, a onnetion in our sense indeed yields a
onnetion on the orresponding torsor over the stak. This implies that a onnetion on
a gerbe indues a onnetion on its band.
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5.3 Curvature on the band
This setion is devoted to desribing the relation between the Ehresmann urvature ωK
on the group bundle K → M and the urvature ωiso on the Aut(G)-prinipal bundle
Iso(K, G)
pi
−→M , as well as the urvature ωout on the band Out(K, G)
pi
−→M .
Sine ωK is an horizontal form, it an be onsidered as a form on the manifold M . More
preisely, one denes ωK ∈ Ω2(M,Z1(K,K)) as follows. For any k ∈ Km and u, v ∈ TmM ,
(iu∧vω
K)(k) = iu˜∧v˜(ω|k), (63)
where u˜, v˜ ∈ TkK are any tangent vetors suh that φ∗(u˜) = u and φ∗(v˜) = v. This
denition requires some justiation.
• First, it is lear that (iu∧vω
K)(k) is independent of the hoie of u˜, v˜ beause ω|K is
an horizontal 2-form, and is therefore well dened.
• Seond, we need to hek that, for any xed u, v, the map k → (iu∧vω
K)(k) is an
element in Z1(K,K). For any k1, k2 ∈ Km, let u˜1, v˜1 ∈ Tk1K and u˜2, v˜2 ∈ Tk2K be any
tangent vetors suh that φ∗(u˜1) = φ∗(u˜2) = u and φ∗(v˜1) = φ∗(v˜2) = v. Then u˜1 · u˜2
and v˜1 ·v˜2 (where the dot stands for the produt in the tangent groupoid TX1 ⇒ TM)
are elements in Tk1k2K suh that φ∗(u˜1 · u˜2) = u and φ∗(v˜1 · v˜2) = v. The Bianhi
identity Eq. (53) implies that ω(u˜1 · u˜2, v˜1 · v˜2) = ω(u˜2, v˜2) + Adk−12
ω(u˜1, v˜1). Hene
(iu∧vω
K)(k1k2) = (iu∧vω
K)(k2) + Adk−12
(iu∧vω
K)(k1).
Note that any f ∈ Iso(K, G)|m indues an isomorphism Tf : Z
1(Km,Km)→ Z
1(G, g) given
by, ∀z ∈ Z1(Km,Km),
Tf (z)(g) = f
−1
∗ z
(
f(g)
)
, ∀g ∈ G. (64)
Tensoring with ∧2T ∗mM , this extends naturally to a map (denoted again by the same
symbol by abuse of notation)
Tf : ∧
2T ∗mM ⊗ Z
1(Km,Km) −→ ∧
2T ∗mM ⊗ Z
1(G, g).
Proposition 5.14. For any f ∈ Iso(K, G)|m, we have the following relation
ωiso|f = pi
∗Tfω
K|m,
where ωiso|f ∈ ∧
2T ∗f Iso(K, G) ⊗ Z
1(G, g) is the urvature of the onnetion αiso, ωK|m ∈
∧2T ∗mM ⊗ Z
1(K,K) is as in Eq. (63) and pi : Iso(K, G) →M is the projetion.
Proof. For any path ft : [0, 1]→ Iso(K, G), let ft be the unique horizontal path in Iso(K, G)
starting at the same point f0 and satisfying pi◦γ = pi◦γ¯. Then the holonomy Hol(ft) ∈
Aut(G) of the path ft is given by
f1 ·Hol(ft) = f1. (65)
The urvature ωiso an be expressed by
ωiso(u, v) = ∂
2
∂ε1∂ε2
∣∣∣
ε1=ε2=0
Hol(LCε1,ε2) (66)
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for any smooth map C from R2 to Iso(K, G) adapted to the tangent vetors u, v ∈
Tf Iso(K, G) (see Eq. (50) for the notation L
C
ε1,ε2
). Aording to Lemma 5.6(1), Eq. (66)
an be written as
ωiso(u, v)(g) = ∂
2
∂ε1∂ε2
∣∣∣
ε1=ε2=0
g−1Hol(LCε1,ε2)(g), ∀g ∈ G (67)
By Lemma 5.2, for any path ft in Iso(K, G) and any g ∈ G, evg(ft) is an horizontal path
starting at evg(f0). Hene evg ft = evg ft holds for all t ∈ [0, 1]. In partiular, for t = 1,
one obtains
evg
(
f1 ·Hol(ft)
)
= (evg f1) ·Hol(evg ft), ∀g ∈ G,
and therefore
f1(g
−1) · [f1 ·Hol(ft)](g) = Hol(evg ft). (68)
The latter an be re-written as
f1(g
−1 Hol(ft)(g)) = Hol(evg ft). (69)
For any smooth map C from a neighborhood U ⊂ R2 of 0 to a neighborhood of f ∈
Iso(K, G) adapted to the tangent vetors u, v ∈ Tf Iso(K, G), the smooth map evg ◦C ∈
C∞(U ,K) is adapted to evg∗ u, evg∗ v ∈ Tf(g)K. Take ft to be the loop L
C
ε1,ε2
. Then evg ft
is the loop L
evg ◦C
ε1,ε2 . Now, aording to Eq. (69), one obtains that, for any ε1, ε2,
f
(
g−1Hol(LCε1,ε2)(g)
)
= Hol(L
evg ◦C
ε1,ε2 ), ∀g ∈ G.
Applying
∂2
∂ε1∂ε2
∣∣∣
ε1=ε2=0
to both sides and using Proposition 4.26 and Eq. (67), we have
f∗(ω
iso(u, v)(g)) = ω(evg∗ u, evg∗ v)|f(g), ∀g ∈ G.
By Eq. (63), we obtain
f∗(ω
iso(u, v)(g)) = ωK(pi∗u, pi∗v)(f(g)), ∀g ∈ G.
This onludes the proof.
Denote by [ωK] ∈ Ω2
(
M,H1(K,K)
)
the lass of ωK. Sine for any f ∈ Iso(K, G)|m, the map
Tf dened in Eq. (64) maps B
1(Km,Km) to B
1(G, g), it indues a map Tf : H
1(Km,Km)→
H1(G, g). It is simple to hek that Tf only depends on the lass of f ∈ Out(K, G)|m.
Therefore, for any f ∈ Out(K, G)|m, we have a well dened map Tf : H
1(Km,Km) →
H1(G, g). Alternatively, one may also obtain Tf as follows. For any f ∈ Out(K, G)|m,
there is an indued group homomorphism Out(K)|m → Out(G) by taking the onjugation.
Then Tf : H
1(Km,Km)→ H
1(G, g) is its orresponding Lie algebra homomorphism.
Tensoring with ∧2T ∗mM as before, Tf extends naturally to a map
Tf : ∧
2T ∗mM ⊗H
1(Km,Km)→ ∧
2T ∗mM ⊗H
1(G, g).
Proposition 5.14 immediately implies the following
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Theorem 5.15. For any f ∈ Out(K, G)|m, the urvature on the band ω
out|f ∈ ∧
2T ∗mOut(K, G)⊗
H1(G, g) and the lass [ωK] ∈ ∧2T ∗mM ⊗H
1(K,K) are related by the following equation
ωout|f = pi
∗Tf [ω
K],
where pi : Out(K, G) →M is the bundle projetion.
As an immediate onsequene, we have the following
Corollary 5.16. The band of a G-extension X•
φ
−→ Y• is at if and only if [ω
K] = 0.
To end this setion, we desribe an important relation between the urvatures ω ∈ Ω2(X1, t
∗K)
and ωK.
Let ωK ∈ Ω2
(
M,LieAut(K)
)
be the urvature of the indued onnetion ∇ on the Lie
algebra bundle K→M . Note that LieAut(K) an be naturally identied with the spae of
derivations of K. They an also be viewed as Lie algebra 1-oyles with values in the Lie
algebra itself with the ation being the adjoint ation. Therefore we have an identiation
LieAut(K) ≃ Z1(K,K).
First we need to give a relation between ωK and the urvature ωK on the group bundle
K → M . For any Lie group G with Lie algebra g, dierentiating a Lie group oyle in
Z1(G, g) at the identity, one obtains an element in Z1(g, g). More generally, for any group
bundle K → M , this allows us to obtain a map Z1(K,K) → Z1(K,K), whih extends to a
map D : Ω2
(
M,Z1(K,K)
)
→ Ω2
(
M,Z1(K,K)
)
. The following an be easily veried:
Lemma 5.17.
DωK = ωK. (70)
Reall that for any Lie group G with Lie algebra g, we have ∂ : g → B1(G, g) : ξ 7→(
g 7→ ξ − Adg−1 ξ
)
. Applying ∂ berwise, one obtains a map Γ(t∗K) → Γ(t∗B1(K,K)) ⊂
Γ(t∗Z1(K,K)) that we denote by ∂K. By abuse of notation, we denote by ∂K again the
indued map
∂K : Ω
2(X1, t
∗K)→ Ω2(X1, t
∗B1(K,K)) ⊂ Ω2(X1, t
∗Z1(K,K)).
We an now prove the following:
Proposition 5.18. The following relations hold, for any x ∈ X1,
Adx−1 s
∗ωK|s(x) − t
∗ωK|t(x) = −∂Kω|x
Adx−1 s
∗ωK|s(x) − t
∗ωK|t(x) = adωx ,
(71)
where Adx−1 stands for the natural isomorphism from Z
1(Ks(x),Ks(x)) to Z
1(Kt(x),Kt(x)),
and from Z1(Ks(x),Ks(x)) to Z
1(Kt(x),Kt(x)) indued by Adx : Kt(x) → Ks(x). Note that
ω|x ∈ ∧
2T ∗xX1⊗Kt(x), ∂ω|x ∈ ∧
2T ∗xX1⊗Z
1(Kt(x),Kt(x)), ω
K|t(x) ∈ ∧
2T ∗
t(x)M⊗Z
1(Kt(x),Kt(x)),
and ωK|s(x) ∈ ∧
2T ∗
s(x)M ⊗ Z
1(Ks(x),Ks(x)). Similarly, adωx ∈ ∧
2T ∗xX1 ⊗ Z
1(Kt(x),Kt(x)).
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Proof. The seond identity in Eq. (71) follows from the rst one by applying D and using
Eq. (70). Let us now prove the rst one. This equation is equivalent to
Adx−1 s
∗ωK(Adx k)− t
∗ωK(k) = −ωx +Adk−1 ωx ∈ ∧
2T ∗xX1 ⊗ Kt(x). (72)
Let u1, u2 ∈ TxX1 be any two tangent vetors at the point x, and ε1, ε2 ∈ TkK any two
tangent vetors of K at the point k suh that t∗ui = pi∗εi, i ∈ {1, 2}, (i.e. (ui, εi) is a
omposable pair in the tangent groupoid TX1 ⇒ TM for i ∈ {1, 2}).
By using Eq. (53) repeatedly, we obtain
ωAdx k(u1ε1u
−1
1 , u2ε2u
−1
2 ) = Adxk−1 ωx(u1, u2) + Adx ωk(ε1, ε2)−Adx ωx(u1, u2).
Hene
Adx−1 ωAdx k(u1ε1u
−1
1 , u2ε2u
−1
2 ) = Adk−1 ωx(u1, u2)− ωx(u1, u2) + ωk(ε1, ε2). (73)
Sine ε1, ε2 ∈ TkK, uiεiu
−1
i ∈ TAdx kK for i ∈ {1, 2}. Aording to Eq. (63),
ωk(ε1, ε2) = ω
K
k (φ∗ε1, φ∗ε2) = ω
K
k (t∗u1, t∗u2) (74)
and
ωAdx k(u1ε1u
−1
1 , u2ε2u
−1
2 ) = ω
K
Adx k
(φ∗(u1ε1u
−1
1 ), φ∗(u2ε2u
−1
2 )) = ω
K
Adx k
(s∗u1, s∗u2).
(75)
The result now follows from Eqs. (73)-(75).
Remark 5.19. For the Lie algebra g of any onneted Lie group G, denote by Z(g) its
enter. Sine G is onneted, one has Z(g) = {ξ ∈ g|Adg ξ = ξ, ∀g ∈ G} = ker(∂).
Similarly, let Z(K) =
∐
m∈M Z(K)m be the vetor bundle over M obtained by taking the
enter of eah ber, and t
∗Z(K) → X1, its pull bak by the target map t. The spae of
setions of the vetor bundle t
∗Z(K)→ X1 is preisely the kernel of ∂K.
Proposition 5.18 implies that the image of ω under ∂K is entirely determined by ω
K
.
Equivalently, this means that the lass of ω in Ω2(X1, t
∗ K
Z(K)) is entirely determined by
ωK.
6 Cohomology theory of onnetions
The purpose of this setion is to develop a ohomology theory for groupoid extensions,
whih appears naturally while studying onnetions and urvings.
First of all, in Setion 6.1, we introdue the ohomologial objet in question, whih we
all horizontal ohomology of a Lie groupoid extension. We also disuss in Setion 6.1 how
and when the horizontal ohomology an be pulled bak by a morphism of Lie groupoid
extensions. In Setion 6.3, we show that the horizontal ohomology an atually be in
fat dened for a gerbe, i.e. it is invariant under Morita equivalene. In Setion 6.4, we
introdue an obstrution lass [obs] in the horizontal ohomology, whih haraterizes the
existene of onnetions. As a onsequene, we show that, if a groupoid extension admits a
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onnetion, then any Morita equivalent groupoid extension admits a onnetion as well. In
the language of staks and gerbes, it means that the existene of a onnetion goes down
to a gerbe notion. In Setion 6.6, we ompute the horizontal ohomology for G-gerbes
over a manifold, i.e. for a G-extension of a eh groupoid. We show that, in this ase, the
lass [obs] vanishes, and therefore, any G-extension of a eh groupoid (i.e. any G-gerbe
over a manifold) admits a onnetion. Setion 6.7 is devoted to the study of at gerbes. In
Setion 6.8, we study onnetions and urvings on entral extensions.
6.1 Horizontal ohomology
Reall that, for any ber bundle T
φ
−→ B, with T and B being nite dimensional manifolds,
an l-form ξ on T (possibly valued in some vetor bundle over T ) is said to be horizontal
if v ξ = 0 for any v ∈ ker(φ∗). In other words, a form is horizontal if it vanishes when
ontrated with a vetor tangent to the ber of φ.
Remark 6.1. 1. The reader should not onfuse horizontal forms with basi forms. Basi
forms are simply obtained by pulling-bak forms on the base spae, while horizontal
forms form a muh bigger spae in general.
2. Given a ber bundle T
φ
−→ B, horizontal l-forms on T an also be onsidered as
l-forms on the base manifold B with values in, for any b ∈ B, C∞(φ−1(b)). We will
use both viewpoints all along this setion.
We now introdue the horizontal forms relevant to our situation. Given a Lie groupoid
extension X1
φ
−→ Y1 ⇒M with kernel K →M , for any n ∈ N, the manifold Xn of n-tuples
of omposable arrows of X1 ⇒M is a ber bundle over Yn, with respet to the projetion
φn :
(
x1, · · · , xn
)
7→
(
φ(x1), · · · , φ(xn)
)
.
A typial ber over a point (y1, · · · , yn) ∈ Yn is isomorphi to Kt(y1)×Kt(y2)×· · ·×Kt(yn).
By a horizontal K-valued l-form on Xn, we mean a K-valued l-form on Xn (i.e. a setion
of the vetor bundle ∧lT ∗Xn ⊗ t
∗K → Xn, whih is horizontal with respet to the ber
bundle φn : Xn → Yn). From now on, for any n, l ∈ N, we denote by Ω
l
hor(Xn, t
∗K) the
spae of horizontal K-valued l-form on Xn.
We list below two important examples of horizontal forms.
Proposition 6.2. The Ehresmann urvature ω of a onnetion on a groupoid extension
X1
φ
−→ Y1 ⇒M is an horizontal 2-form.
Proof. This follows immediately from Eq. (49).
Proposition 6.3. Let X1
φ
−→ Y1 ⇒ M be a Lie groupoid extension with kernel K → M ,
whose orresponding Lie algebra bundle is K → M . Let θ ∈ Ω1(X1, t
∗K) be a K-valued
1-form on X1 satisfying
θ(ξ⊲) = ξ, ∀ξ ∈ K, (76)
where, as in Setion 4.3, for any ξ ∈ K we denote by ξ⊲ the fundamental vetor eld on X1
orresponding to the innitesimal right ation of K →M on X1. Then ∂
⊲θ ∈ Ω1(X2, t
∗K)
is an horizontal 1-form on X2.
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Proof. Let us introdue some notations. The group bundle K → M ats on X2 from the
right in two dierent ways. The rst one is given, for all (x1, x2) ∈ X2 and k ∈ Kt(x1), by
(x1, x2) · k = (x1 · k, x2); the seond one is given, for all (x1, x2) ∈ X2 and k ∈ Kt(x2), by
(x1, x2) · k = (x1, x2 · k). For any (x1, x2) ∈ X2, and any ξ ∈ Kt(x1) (resp. ξ ∈ Kt(x2)), we
denote by ξ⊲1 (resp. ξ
⊲
2 ) the tangent vetors in T(x1,x2)X2 orresponding innitesimally to
these two ations. Denote by p1,m, p2 the three fae maps from X2 to X1. For any ξ ∈ K,
we have
p1∗ξ
⊲
1 = ξ
⊲, m∗ξ
⊲
1 = (Adx−12
ξ)⊲, p2∗ξ
⊲
1 = 0,
p1∗ξ
⊲
2 = 0, m∗ξ
⊲
2 = ξ
⊲, p2∗ξ
⊲
2 = ξ
⊲.
Thus it is routine to hek that the two relations ξ⊲1 ∂
⊲θ = 0 and ξ⊲2 ∂
⊲θ = 0 hold,
whih implies that ∂⊲θ is horizontal.
Denition 6.4. The ∂⊲-ohomology of a Lie groupoid extension X•
φ
−→ Y• is the
ohomology of the ohain omplex
(
(Ωl(Xn, t
∗K))n∈N, ∂
⊲
)
. It is denoted by Hn,l
∂⊲
(X• → Y•).
The following proposition an be veried diretly.
Proposition 6.5. Let X1
φ
−→ Y1 ⇒ M be a Lie groupoid extension. Then for any xed
l ∈ N, Ωlhor(X•, t
∗K) is stable under ∂⊲, i.e.
∂⊲
(
Ωlhor(Xn, t
∗K)
)
⊂ Ωlhor(Xn+1, t
∗K).
Therefore, for any xed l ∈ N, the horizontal l-forms
(
(Ωlhor(Xn, t
∗K))n∈N, ∂
⊲
)
form a
ohain subomplex.
Denition 6.6. The horizontal ohomology of a Lie groupoid extension X•
φ
−→
Y• is the ohomology of the ohain omplex
(
(Ωlhor(Xn, t
∗K))n∈N, ∂
⊲
)
. It is denoted by
Hn,lhor(X• → Y•).
6.2 Horizontal ohomology and strit homomorphisms
Let f be a homomorphism of Lie groupoid extensions from X ′• → Y
′
• to X• → Y•. As usual,
denote by K → M (resp. K′ → M ′) the Lie algebra bundle assoiated to the groupoid
extension X1 → Y1 ⇒ M (resp. X
′
1 → Y
′
1 ⇒ M
′
). In general, there is no straightforward
way to make sense of the pull-bak through f of a K-valued form on X1 (or, more generally
on Xn for some n ∈ N) suh that the pull-bak form is K
′
-valued. Indeed, if ζ is an l-form
on Xn with values in t
∗K, the usual pull-bak f∗ζ takes its values in (f∗◦t∗)K rather than
in t
′∗K′. To build up a form on X ′n with values in t
′∗K′, one needs to identify (f∗◦t∗)K with
t
′∗K′ at any point (x′1, · · · , x
′
n) ∈ X
′
n. When f is a strit homomorphism of Lie groupoid
extensions, in partiular a Morita morphism, f establishes an isomorphism between Kt(x′n)
and Kt(f(xn)). Hene its dierential at the identity ft(x′n)∗ gives the required identiation.
This leads to the following denition of the pull bak Ωl(Xn, t
∗K)
f∗
−→ Ωl(X ′n, t
′∗K′):
(f∗ζ)(e1, · · · , el) = f
−1
t(x′n)∗
(
ζ(f∗e1, · · · , f∗el)
)
, ∀e1, · · · , el ∈ T(x1,··· ,xn)Xn. (77)
The following lemma an be veried diretly.
48
Lemma 6.7. Let f be a strit homomorphism of Lie groupoid extensions from X ′
•
→ Y ′
•
to X• → Y•. Then
1. the pull-bak map Ωl(Xn, t
∗K)
f∗
−→ Ωl(X ′n, t
′∗K′) is a hain map with respet to ∂⊲;
2. the pull-bak of an horizontal form is again horizontal;
3. θ ∈ Ω1(X1, t
∗K) satises ξ⊲ θ = ξ, for all ξ ∈ K, if, and only if, f∗θ ∈ Ω1(X ′1, t
∗K′)
satises ξ′⊲ f∗θ = ξ′, for all ξ′ ∈ K′.
As an immediate onsequene, we have the following
Corollary 6.8. Let f be a strit homomorphism of Lie groupoid extensions from X ′
•
→ Y ′
•
to X• → Y•. Then the pull-bak map f
∗
gives rise to morphisms
f∗ : Hn,l
∂⊲
(X• → Y•) −→ H
n,l
∂⊲
(X ′• → Y
′
• ) (78)
f∗ : Hn,lhor(X• → Y•) −→ H
n,l
hor(X
′
•
→ Y ′
•
), (79)
for all n, l ∈ N.
6.3 Morita invariane
In this subsetion, we show that both the horizontal ohomology and the ∂⊲-ohomology
are invariant under Morita equivalene. In other words, they turn out to be ohomologial
objets assoiated to a gerbe. Our proof relies on the notion of generalized morphisms
introdued in Setion 2.3, and is similar to the proof of Proposition 2.5 in [51℄.
Theorem 6.9. 1. Morita equivalent groupoid extensions have isomorphi ∂⊲-ohomologies.
2. Morita equivalent groupoid extensions have isomorphi horizontal ohomologies.
3. In partiular, if f is a Morita morphism of groupoid extensions, the maps f∗ dened
in Eq. (78)-(79) are isomorphisms.
We need two lemmas.
Lemma 6.10. If f is a Morita morphism of Lie groupoid extensions from X ′1 → Y
′
1 ⇒M
′
to X1 → Y1 ⇒M suh that f :M
′ →M is an étale map, then the pull-bak map f∗ as in
Eqs. (78)-(79) indues isomorphisms on both horizontal and ∂⊲-ohomologies.
Proof. Note that U 7→ Ωlhor(U, t
∗
|UK) (resp. U 7→ Ω
l(U, t∗|UK) is a sheaf over the simpliial
manifold (Xn)n∈N (see [50℄). And the horizontal ohomology H
n,l
hor(X• → Y•) (resp. the
∂⊲-ohomology Hn,l
∂⊲
(X• → Y•)) is the orresponding sheaf ohomology. When f is an
étale map, it is lear that the pull-bak sheaf f∗
(
Ωlhor(−, t
∗K)
)
(resp. f∗
(
Ωl(−, t∗K)
)
) is
isomorphi to Ωlhor(−, t
′∗K′) (resp. Ωl(−, t′∗K′)). Aording to Theorem 8.1 in [50℄, f∗
indues an isomorphism in ohomology:
f∗ : Hn,lhor(X• → Y•)
≃
−→ Hn,lhor(X
′
•
→ Y ′
•
) (80)
f∗ : Hn,l
∂⊲
(X• → Y•)
≃
−→ Hn,l
∂⊲
(X ′
•
→ Y ′
•
). (81)
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Proposition 6.11. 1. Any generalized homomorphism of Lie groupoid extensions F
from X ′•
φ′
−→ Y ′• to X•
φ
−→ Y• indues anonial homomorphisms
F ∗ : Hn,l
∂⊲
(X• → Y•) −→ H
n,l
∂⊲
(X ′• → Y
′
• ) (82)
F ∗ : Hn,lhor(X• → Y•) −→ H
n,l
hor(X
′
•
→ Y ′
•
), (83)
for all n, l ∈ N.
2. In partiular, if F is a generalized homomorphism of Lie groupoid extensions indued
by a strit morphism of groupoid extensions f , then F ∗ oinides with the pull-bak
map f∗ in Corollary 6.8.
3. Moreover, the relation
(F1◦F2)
∗ = F ∗2 ◦F
∗
1
holds for any omposable pair F1, F2 of generalized homomorphisms of Lie groupoid
extensions.
Proof. 1. Assume that F is given by the bimodule M ′
g
←− B
f
−→ M . Aording to
Proposition 2.11, F is the omposition of the anonial Morita equivalene between
X ′• → Y
′
• and X
′
•[B] → Y
′
• [B], with a strit homomorphism of groupoid extensions
from X ′•[B]→ Y
′
• [B] to X• → Y•. Sine B
g
−→M ′ is a surjetive submersion, it admits
loal setions. Hene, there exists an open over (Ui)i∈I ofM
′
and loal setions σi of
B
g
−→M ′ relative to this open over. The setions (σi) indue a strit homomorphism
ψU from X
′
•[U]→ Y
′
• [U] to X• → Y• by omposing the natural strit homomorphism
from X ′•[U]→ Y
′
• [U] toX
′
•[B]→ Y
′
• [B] with the one from X
′
•[B]→ Y
′
• [B] to X• → Y•.
Denote by χU the Morita morphism from X
′
•[U]→ Y
′
• [U] to X
′
• → Y
′
• .
We now dene F ∗ as the omposition
Hn,lhor(X• → Y•)
ψ∗
U−−→ Hn,lhor(X
′
•[U]→ Y
′
• [U])
(χ∗
U
)−1
−−−−→
≃
Hn,lhor(X
′
• → Y
′
• )
and similarly
Hn,l
∂⊲
(X• → Y•)
ψ∗
U−−→ Hn,l
∂⊲
(X ′•[U]→ Y
′
• [U])
(χ∗
U
)−1
−−−−→
≃
Hn,l
∂⊲
(X ′• → Y
′
• ).
Here we have used the fat that χ∗
U
is an isomorphism by Lemma 6.10.
We need to hek that F ∗ does not depend on the hoie of the open over and the
loal setions. Let V := (Vj , τ˜j)j∈J be another hoie of suh loal setions. The union
of U and V is another suh open over of M ′ together with a set of loal setions of
B →M ′. It is simple to see that we have the following ommutative diagram, where
all the arrows are strit homomorphisms of groupoid extensions:
X ′• X
′
• X
′
•
X ′
•
[U]
χU
OO
ψU

// X ′
•
[U ∪V]
χU∪V
OO
ψU∪V

X ′
•
[V]
χV
OO
ψV

oo
X• X• X•
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It follows from a diagram hasing argument that
(χ∗U)
−1
◦ψ∗U = (χ
∗
U∪V)
−1
◦ψ∗U∪V = (χ
∗
V)
−1
◦ψ∗V.
Hene F ∗ is indeed well-dened.
2. If F is indued from a strit homomorphism of Lie groupoid extensions f , in other
words, if F is given by the bimodule M ′
id
←− M ′
f
−→ M , then χ = id and ψ oinides
with the map f∗ dened in Corollary 6.8.
3. Let X• → Y•,X
′
•
→ Y ′
•
and X ′′
•
→ Y ′′
•
be Lie groupoid extensions with base manifolds
M , M ′ and M ′′, respetively. Let F1 and F2 be generalized homomorphisms from
X ′• → Y
′
• to X• → Y• and from X
′′
• → Y
′′
• to X
′
• → Y
′
• , respetively. Aording to
the rst part of the proof, there exists an open overing U = (Uk) of M
′
and a strit
homomorphism ψU of groupoid extensions from X
′
•[U]→ Y
′
• [U] to X• → Y• suh that
F ∗1 = (χ
∗
U
)−1◦ψU. The same holds for F2. However, we an hoose an open overing
V = (Vl)l∈L of M
′′
and a strit homomorphism of groupoid extensions ψV suh that
ψV(V ) is ontained in an open set U ∈ U, for all V ∈ V. Composing ψV :
∐
l Vl →M
′
with these inlusions yields a map j :
∐
l Vl →
∐
k Uk. We an then onstrut a strit
homomorphism µj of groupoid extensions from X
′′
•
[V]→ Y ′′
•
[V] to X ′
•
[U]→ Y ′
•
[U]:{
µj(v1, x, v2) =
(
j(v1), ψV(v1, x, v2), j(v2)
)
µj(v1, y, v2) =
(
j(v1), ψV(v1, y, v2), j(v2)
)
for all x ∈ X ′′1 , y ∈ Y
′′
1 , v1, v2 ∈
∐
l Vl with χV(v1) = s(x) = s(y) and χV(v2) = t(x) =
t(y). We then have the following ommutative diagram of strit homomorphisms of
Lie groupoid extensions:
X ′′• X
′
• X•
X ′′
•
[V]
χV
ccFFFFFFFF
ψV
<<xxxxxxxx
µj
// X ′
•
[U]
χU
bbEEEEEEEE ψU
<<yyyyyyyy
(84)
The omposition ψU◦µj is a strit homomorphism of Lie groupoid extensions from
X ′′• [V]→ Y
′′
• [V] to X• → Y•. It is obvious from Diagram (84) that
X ′′
•
χV←−− X ′′
•
[V]
ψU◦µj
−−−−→ X•
is a bimodule representing the generalized homomorphism F1◦F2. Therefore,
(F1◦F2)
∗ = (χ∗V)
−1
◦(ψU◦µj)
∗ = (χ∗V)
−1
◦µ∗j ◦ψ
∗
U = (χ
∗
V)
−1
◦(ψV)
∗
◦(χ∗U)
−1
◦ψ∗U = F
∗
2 ◦F
∗
1 .
Proof of Theorem 6.9. If F is a Morita equivalene from X ′
•
→ Y ′
•
to X• → Y• given
by the bitorsor M ′
f
←− B
g
−→ M , then, aording to Proposition 2.10, F−1◦F is a Morita
equivalene from X• → Y• to itself, whose orresponding bitorsor is given by M ← (B×M ′
B)/X ′1 → M . The later is anonially isomorphi to M ← X1 → M , whih is indeed
the generalized morphism orresponding to the identity strit homomorphism. Thus it
follows from Proposition 6.11 that (F−1◦F )∗ = id. Therefore the onlusion follows from
Proposition 6.11 immediately.
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Remark 6.12. Note that the isomorphism between the horizontal ohomologies of Morita
equivalent groupoid extensions is not anonial. It depends on the hoie of the Morita
equivalene bitorsors, as seen in the above proof.
6.4 Obstrution lass to the existene of onnetions
The main purpose of this subsetion is to introdue a harateristi lass [obs] inH2,1hor(X• →
Y•), whih measures the existene of onnetions on a Lie groupoid extension X•
φ
−→ Y•.
Forgetting about the groupoid struture, onsider any horizontal distribution H on the
ber bundle X1
φ
−→ Y1. Let θ ∈ Ω
1(X1, t
∗K) be its assoiated K-valued 1-form, i.e. the
unique 1-form that vanishes on H and satises Eq. (76). Aording to Proposition 6.3,
∂⊲θ is a K-valued horizontal 1-form on X2. Moreover, sine (∂
⊲)2 = 0, ∂⊲θ is a 2-oyle
of the horizontal ohomology, and hene it denes a lass in H2,1hor(X• → Y•) that we all
the obstrution lass and denote simply by [obs]. This terminology is justied by the
following
Proposition 6.13. 1. The lass [obs] ∈ H2,1hor(X• → Y•) does not depend on the parti-
ular hoie of an horizontal distribution H on the ber bundle X1
φ
−→ Y1.
2. The lass [obs] vanishes if, and only if, the groupoid extension admits a groupoid
extension onnetion.
Proof. 1. Let H and H ′ be any two horizontal distributions on the ber bundle X1
φ
−→
Y1, and θ, θ
′ ∈ Ω1(X1, t
∗K) their assoiated K-valued 1-forms. By onstrution, θ −
θ′ is an horizontal 1-form on X1. Therefore ∂
⊲θ and ∂⊲θ′ dier by a horizontal
oboundary. Hene [∂⊲θ] = [∂⊲θ′]. This proves (1).
2. Assume that [obs] = 0. The K-valued 1-form θ ∈ Ω1(X1, t
∗K) assoiated to any
horizontal distribution H on the ber bundle X1
φ
−→ Y1 gives a representative ∂
⊲θ
for the obstrution lass [obs]. Hene, by assumption, there exists an horizontal K-
valued 1-form ζ on X1 suh that ∂
⊲θ = ∂⊲ζ. It is simple to hek that α = θ − ζ ∈
Ω1(X1, t
∗K) is indeed a right onnetion 1-form for the groupoid extension X•
φ
−→ Y•.
Combining Proposition 6.13 with the Morita invariane of the horizontal ohomology ob-
tained in Proposition 6.9, we are led to the following main result of this subsetion.
Theorem 6.14. 1. Given a Morita morphism f of Lie groupoid extensions from X ′• →
Y ′• to X• → Y• as in Eq. (2), let [obs
′] and [obs] be their obstrution lasses. Then
[obs′] = f∗[obs], where f∗ : H2,1hor(X• → Y•)→ H
2,1
hor(X
′
• → Y
′
• ) is the homomorphism
given by Eq. (79).
2. If a Lie groupoid extension admits a onnetion, so does any Morita equivalent Lie
groupoid extension.
Proof. Observe that (2) is a trivial onsequene of (1). Now let θ be a K-valued 1-form on
X1 satisfying Eq. (76). Then, aording to Lemma 6.7(3), the pull-bak f
∗θ ∈ Ω1(X ′1, t
′∗K′)
satises Eq. (76) as well. By Lemma 6.7(1), the relation ∂⊲(f∗θ) = f∗(∂⊲θ) holds, whih
implies that [obs′] = f∗[obs].
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6.5 Moduli spae of onnetions on a Lie groupoid extension
We now study the spae of right onnetion 1-forms of a Lie groupoid extension X1
φ
−→
Y1 ⇒ M assuming that the obstrution lass vanishes. Denote by Z
1
hor(X1, t
∗K) (resp.
Z1∂⊲ (X1, t
∗K)) the spae of horizontal 1-forms in Ω1hor(X1, t
∗K) (resp. 1-forms in Ω1(X1, t
∗K))
whih are ∂⊲-losed.
Proposition 6.15. For any Lie groupoid extension X1
φ
−→ Y1 ⇒ M with vanishing ob-
strution lass, the spae of right onnetion 1-forms is an ane subspae of Z1(X1, t
∗K)
with underlying vetor spae Z1hor(X1, t
∗K).
Proof. Sine the obstrution lass vanishes, there exists a right onnetion form α ∈
Ω1(X1, t
∗K). It is easy to see that a 1-form α′ ∈ Ω1(X1, t
∗K) is a right onnetion 1-form
(i.e. is ∂⊲-losed and satises Eq. (76)) if, and only if, α− α′ ∈ Z1hor(X1, t
∗K).
Two right onnetion 1-forms α and α′ on a Lie groupoid extension X1
φ
−→ Y1 ⇒ M
are said to be equivalent if, and only if, α − α′ = ∂⊲β for some β ∈ Ω1(M,K). By M we
denote themoduli spae of right onnetion 1-forms on a Lie groupoid extension
2
X1
φ
−→ Y1 ⇒M . The following proposition is thus immediate.
Proposition 6.16. For a Lie groupoid extension X1
φ
−→ Y1 ⇒ M with vanishing ob-
strution lass, the moduli spae of right onnetion 1-forms M is an ane subspae of
H1,1
∂⊲
(X• → Y•) with underlying vetor spae H
1,1
hor(X• → Y•).
We now desribe the relation between the moduli spaes of right onnetion 1-forms of
Morita equivalent extensions. We start with a lemma.
Lemma 6.17. Assume that f is a Morita morphism of Lie groupoid extensions from
X ′•
φ′
−→ Y ′• to X•
φ
−→ Y•. A 1-form α ∈ Ω
1(X1, t
∗K) is a right onnetion 1-form of the Lie
groupoid extension X
φ
−→ Y ⇒M if, and only if, f∗α ∈ Ω1(X ′1, t
′∗K′) is a right onnetion
1-form of the Lie groupoid extension X ′
•
φ
−→ Y ′
•
.
Proof. For any α ∈ Ω1(X1, t
∗K), aording to Lemma 6.7(1), we have f∗∂⊲α = ∂⊲f∗α = 0.
Hene α is ∂⊲-losed if, and only if, so is f∗α. Aording to Lemma 6.7(3), Eq. (76) holds
for α if, and only if, it holds for f∗α. Hene it follows that α is a right onnetion 1-form
on X1
φ
−→ Y1 ⇒M if, and only if, f
∗α is a right onnetion 1-form on X ′
φ
−→ Y ′ ⇒M ′.
Theorem 6.18. 1. For any Morita morphism of Lie groupoid extensions f from X ′1
φ′
−→
Y ′1 ⇒ M
′
to X1
φ
−→ Y1 ⇒ M , the pull-bak map f
∗ : H1,1
∂⊲
(X• → Y•) → H
1,1
∂⊲
(X ′• →
Y ′• ) indues an isomorphism of their orresponding moduli spaes of right onnetion
1-forms M and M′.
2. The moduli spaes of right onnetion 1-forms of Morita equivalent extensions are
isomorphi.
2
Readers should not onfuse this with moduli spae of at onnetions in gauge theory. Here there are
no gauge groups involved.
53
Proof. By Theorem 6.9, the map f∗ : H1,1
∂⊲
(X• → Y•)→ H
1,1
∂⊲
(X ′
•
→ Y ′
•
) is an isomorphism,
whih, aording to Lemma 6.17, sends M into M′. It is thus enough to show that the
restrition of f∗ toM is surjetive ontoM′. Assume that [α′] ∈ M′. Sine f∗ : H1,1
∂⊲
(X• →
Y•)→ H
1,1
∂⊲
(X ′• → Y
′
• ) is surjetive by Theorem 6.9(1), there exists α ∈ Z
1
∂⊲ (X1, t
∗K) suh
that f∗[α] = [α′]. That is, f∗α = α′ + ∂⊲β′ for some β′ ∈ Ω1(M ′,K′). However, sine
α′ + ∂⊲β′ is also a right onnetion 1-form on the groupoid extension X ′1
φ
−→ Y ′1 ⇒ M
′
,
aording to Lemma 6.17, α must be a right onnetion 1-form on the groupoid extension
X1
φ
−→ Y1 ⇒M . This onludes the proof.
6.6 Connetions for G-gerbes over manifolds
The main goal of this subsetion is to ompute the horizontal ohomology of a groupoid
G-extension of a eh groupoid, i.e. of a G-gerbe over a manifold, where G is a onneted
Lie group. As a onsequene, we show the existene of onnetions.
First we need to introdue some preliminary onstrutions. We do not have to restrit
ourselves to the ase of G-gerbes over manifolds at this point, although this is the only
ase that we are onerned about in appliations.
Let X1
φ
−→ Y1 ⇒ M be a Lie groupoid G-extension. Its kernel is the Lie group bundle
K → M with Lie algebra bundle K → M . For any n ∈ N, onsider the berwise group
ohomology
∐
mH
n(Km,Km) of K with values in K relative to the adjoint ation, whih is
learly a vetor bundle over M , denoted by Hn(K,K)→M .
As we have seen in Setion 2.1, any element x ∈ X1 denes a Lie group isomorphism
Adx : Kt(x) → Ks(x), and thus a Lie algebra isomorphism Adx : Kt(x) → Ks(x). These
isomorphisms indue an isomorphism of ohain omplexes mapping f ∈ C∞(Ks(x) ×
· · · × Ks(x),Ks(x)) to (k1, · · · , kn) 7→ Adx−1 f(Adx k1, · · · ,Adx kn) in C
∞(Kt(x) × · · · ×
Kt(x),Kt(x)). Therefore it indues an isomorphism H
n(Ks(x),Ks(x))
∼
−→ Hn(Kt(x),Kt(x)),
whih is still denoted by Adx by abuse of notation. In other words, H
n(K,K) → M is
a vetor bundle over M on whih the groupoid X1 ⇒ M ats from the left. That is,
Hn(K,K) → M is a left vetor bundle over the groupoid X1 ⇒ M . In fat, this ation
desends and indues an ation of the groupoid Y1 ⇒M sine any element in the kernel K
of X•
φ
−→ Y• ats trivially on H
n(K,K)→M . Indeed for a onneted Lie group G, it is well
known that the inner automorphisms of G preserve the ohomology lasses of Hn(G, g).
Thus we have proved the following
Proposition 6.19. For all n ∈ N, Hn(K,K) → M is a vetor bundle over the groupoid
Y1 ⇒M .
Considering K as a Lie subgroupoid of X1 ⇒M , one obtains a monomorphism of groupoid
extensions i from K → M ⇒ M to X1 → Y1 ⇒ M . The horizontal ohomology of
K →M ⇒M an be easily desribed by the following
Lemma 6.20. We have
Hn,lhor(K• →M•) ≃ Ω
l
(
M,Hn(K,K)
)
, (85)
where Hn(K,K)→M is the vetor bundle onstruted above (ignoring the Y•-ation).
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Proof. The natural identiation Xlhor(Kn) ≃ Γ(pi
∗ ∧l TM) given by the dierential of
pi : Kn → M indues an isomorphism Ω
l
hor(Kn, t
∗K) ≃ Ωl(M,En), where En is the ve-
tor bundle
∐
m∈M C
∞
(
(K|m)
n,Km
)
→ M . It is simple to hek that, under this iso-
morphism, the dierential ∂⊲ : Ωlhor(Kn, t
∗K) → Ωlhor(Kn+1, t
∗K) beomes the opera-
tor ∂ : Ωl(M,En) → Ω
l(M,En+1), whih is the berwise group ohomology dierential
C∞
(
(K|m)
n,Km
)
→ C∞
(
(K|m)
n+1,Km
)
. Taking its ohomology, one obtains an isomor-
phism Hn,lhor(K• →M•) ≃ Ω
l
(
M,Hn(K,K)
)
.
For all n ∈ N, from the indued map i : Kn → Xn, we obtain a hain map i
∗ :
Ωlhor(Xn, t
∗K) −→ Ωlhor(Kn, t
∗K) and hene a map in ohomology
i∗ : Hn,lhor(X• → Y•) −→ H
n,l
hor(K• →M•). (86)
Composing the maps given by Eq. (86) with Eq. (85), we are led to
Proposition 6.21. Let X1 → Y1 ⇒ M be a Lie groupoid G-extension, with kernel being
the Lie group bundle K → M with orresponding Lie algebra bundle K → M . For any
l ∈ N, the inlusion map i : K• → X• indues a natural restrition map
i∗ : Hn,lhor(X• → Y•) −→ Ω
l
(
M,Hn(K,K)
)
, (87)
where Hn(K,K)→M is the vetor bundle onstruted above (ignoring the Y•-ation).
It is simple to see that this restrition map i∗ is stable with respet to Morita morphisms
of Lie groupoid extensions.
Lemma 6.22. Let f be a Morita morphism of Lie groupoid extensions from X ′•
φ′
−→ Y ′•
to X•
φ
−→ Y• as in Diagram (2). Let K and K
′
denote the kernels of φ and φ′ respetively.
Then the following diagram ommutes:
Hn,lhor(X• → Y•)
i∗

f∗ // Hn,lhor(X
′
•
→ Y ′
•
)
i′∗

Ωl
(
M,Hn(K,K)
)
f∗
// Ωl
(
M ′,Hn(K′,K′)
)
.
Let us turn our attention to the ase of a G-extension of a eh groupoid
∐
ij Uij ⇒
∐
i Ui
assoiated to an open overing (Uj)j∈J of a manifold N . In this ase, vetor bundles
over the eh groupoid
∐
ij Uij ⇒
∐
i Ui are in 1-1 orrespondene with ordinary vetor
bundles over the manifold N . For all n ∈ N, we denote by Hn(K,K)N the vetor bundle
over N orresponding to the vetor bundle Hn(K,K) over
∐
ij Uij ⇒
∐
i Ui obtained as in
Proposition 6.19.
Theorem 6.23. Let X1
φ
−→ Y1 ⇒ M denote a Lie groupoid G-extension X1 →
∐
ij Uij ⇒∐
j Uj of a eh groupoid
∐
ij Uij ⇒
∐
j Uj assoiated to an open overing {Uj}j∈J of a
manifold N . Then, for any pair n, l ∈ N, the map in Eq. (87) fatorizes through Ωl
(
N,Hn(K,K)N
)
→
Ωl
(
M,Hn(K,K)
)
:
Hn,lhor(X• → Y•)
i∗

ı˜∗
uukkkk
kkk
kkk
kkk
k
Ωl
(
N,Hn(K,K)N
)
p∗
// Ωl
(
M,Hn(K,K)
)
(88)
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Moreover, ı˜∗ : Hn,lhor(X• → Y•) −→ Ω
l
(
N,Hn(K,K)N
)
is an isomorphism and the restri-
tion map i∗ : Hn,lhor(X• → Y•)→ Ω
l
(
M,Hn(K,K)
)
is injetive.
We need some preliminaries. Any smooth funtion f on the manifold N an be pulled bak
to a funtion f˜n onXn using any appropriate omposition of onseutive fae maps together
with the projetion
∐
i Ui
p
−→ N . In other words, f˜n = p
∗
nf , where pn is the omposition
Xn
φ
−→
∐
j1,··· ,jn
Uj1···jn → N . The following result is straightforward.
Lemma 6.24. For any ζ ∈ Ωl(Xn, t
∗K) and any funtion f ∈ C∞(N), we have
∂⊲(f˜nζ) = f˜n+1∂
⊲ζ.
For any open set U ⊂ N , we denote by X1[p
−1U ] ⇒ p−1(U) and Y1[p
−1U ] ⇒ p−1(U)
the restrition of the groupoids X1 ⇒ M and Y1 ⇒ M to the open submanifold p
−1(U)
of the unit spae M , respetively. It is lear that X1[p
−1U ] → Y1[p
−1U ] ⇒ p−1(U) is a
G-extension.
For any xed integers n and l, we dene a pre-sheaf En,l over N by U 7→ Hn,lhor(X•[p
−1U ]→
Y•[p
−1U ]), the restrition maps rUV : H
n,l
hor(X•[p
−1U ] → Y•[p
−1U ]) → Hn,lhor(X•[p
−1V ] →
Y•[p
−1V ]) being the pull-baks of the natural inlusion of X•[p
−1V ] → Y•[p
−1V ] into
X•[p
−1U ]→ Y•[p
−1U ] for any open subsets V ⊂ U of N .
Lemma 6.25. For any n, l ∈ N, the presheaf En,l is a sheaf.
Proof. First, let (Ui)i∈I be open subsets of N , U = ∪i∈IUi and (fi)i∈I a partition of unity
of U with supp(fi) ⊂ Ui for all i ∈ I (whih exists sine we onsider paraompat manifolds
only). First, let [ωi] ∈ H
n,l
hor(X•[Ui] → Y•[Ui]) be the ohomology lass of some horizontal
oyle ωi ∈ Ω
l(Xn[Ui], t
∗K), for all i ∈ I. If rUiUi∩Uj [ωi] = r
Uj
Ui∩Uj
[ωj ] for all i, j ∈ I, then,
thanks to Lemma 6.24 ω =
∑
i∈I (˜fi)n ωi is a horizontal oyle in Ω
l(Xn[U ], t
∗K). By
onstrution, its lass [ω] ∈ Hn,lhor(X•[U ]→ Y•[U ]) satises r
U
Ui
[ω] = [ωi], for all i ∈ I.
Seondly, let [ω] ∈ Hn,lhor(X•[U ] → Y•[U ]) be the lass of some horizontal oyle ω ∈
Ωl(Xn, t
∗K). If rUUi [ω] = 0 for all i ∈ I, then there exists an horizontal form ηi ∈ Ω
l(Xn−1[Ui], t
∗K)
suh that ∂⊲ηi = ω|Ui for all i ∈ I. Set η =
∑
i∈I (˜fi)n−1 ηi. By Lemma 6.24, we have
∂⊲η =
∑
i∈I
(˜fi)n ∂
⊲ηi =
∑
i∈I
(˜fi)n ω|Ui = ω.
As a onsequene, we have [ω] = 0. Therefore, En,l is a sheaf.
We dene two other sheaves over N :
Fn,l : U 7→ Ωl
(
U,Hn(K,K)N
)
,
Gn,l : U 7→ Ωl
(
p−1U,Hn(K,K)
)
.
Moreover, the overing M
p
−→ N indues a morphism of sheaves Fn,l
p∗
−→ Gn,l and, by
Proposition 6.21, the inlusion K•
i
−→ X• indues a morphism of sheaves E
n,l i
∗
−→ Gn,l.
Now we need a general fat about sheaves over a manifold.
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Lemma 6.26. Let E, F and G be sheaves over a manifold N , and let h : E → G and
p : F → G be morphisms of sheaves with p injetive. Assume that for any ontratible open
set U , the map hU : E(U)→ G(U) fatorizes through
E(U)
hU

h˜U
{{ww
ww
ww
ww
w
F(U) pU
// G(U)
(89)
where the map h˜U : E(U) → F(U) is an isomorphism. Then the morphism of sheaves
h : E → G fatorizes through
E
h

h˜
 



F p
// G
where h˜ : E → F is an isomorphism of sheaves.
We an now turn to the proof of the our main results in this setion.
Proof of Theorem 6.23. It remains to show that the morphism of sheaves i∗ fatorizes
through the monomorphism p∗ as an isomorphism of sheaves ı˜∗:
En,l
i∗

ı˜∗
||yy
yy
yy
yy
Fn,l
p∗
// Gn,l
(90)
Indeed, evaluation of the presheaves En,l, Fn,l and Gn,l in Diagram (90) on N , seen as an
open subset of itself, yields Diagram (88).
As a onsequene of Lemma 6.26, sine En,l, Fn,l and Gn,l are sheaves, it sues to prove
that, for any ontratible open subset U of N , there exists a group isomorphism ı˜∗U suh
that
Hn,lhor(X•[p
−1U ]→ Y•[p
−1U ])
i∗
U

ı˜∗U
ttiiii
iii
iii
iii
iii
i
Ωl
(
U,Hn(K,K)N
)
p∗
U
// Ωl
(
p−1U,Hn(K,K)
)
(91)
ommutes.
However, aording to Corollary 3.19, the G-extension X•[p
−1U ]→ Y•[p
−1U ] of the eh
groupoid
∐
i,j Uij ∩ U ⇒
∐
i Ui ∩ U of the ontratible open manifold U has a renement
whih is isomorphi to a trivial G-extension. In other words, there exists a renement
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V =
∐
α∈A Vα of the open overing
∐
i∈I Ui∩U of p
−1U together with a Morita equivalene
U ×G

∐
Vαβ ×Goo

// X1[p
−1U ]

U

∐
Vαβoo

// Y1[p
−1U ]

U
∐
Vαoo // p−1(U).
Therefore, applying Lemma (6.22) to eah Morita morphism, one obtains the ommutative
diagram
Hn,lhor((U ×G)• → U•)
(2)//
(3)

Hn,lhor((U ×G)•[V]→ U•[V])

Hn,lhor(X•[p
−1U ]→ Y•[p
−1U ])
(1)oo
i∗
U

Ωl
(
U,Hn(G, g)
)
(4)
// Ωl
(
V,Hn(G, g)
)
Ωl
(
p−1U,Hn(G, g)
)
(5)
oo
where, the restritions of Hn(K,K) to ontratible open sets have been identied with
the trivial vetor bundles with ber Hn(G, g). Here (3) is an isomorphism by Lemma 6.9,
(1) and (2) are isomorphism by Theorem 6.9 and the injetion (4) fatorizes through the
injetion (5) to yield p∗U . Thus one obtains the ommutative Diagram (91).
We an now state the main orollary of this result.
Corollary 6.27. Any groupoid G-extension of a eh groupoid admits a onnetion.
Proof. It sues to prove that the obstrution lass [obs] of any groupoid G-extension of a
eh groupoid vanishes. Sine the vanishing of [obs] is preserved under Morita equivalene,
we an assume that (Uj)j∈J is a good open overing and X1 ≃
∐
ij Uij×G, Y1 ≃
∐
ij Uij . In
partiular K ≃
∐
i Ui ×G is the trivial group bundle. Consider the g-valued 1-form on X1
given by θ = p∗2θG, where p2 :
∐
ij Uij×G→ G is the projetion onto the seond omponent
and θG is the right Maurer-Cartan form on the Lie group G. Sine θ satises Eq. (76), we
have [obs] = [∂⊲θ]. Moreover, by onstrution, one has i∗[obs] = i∗[∂⊲θ] = [∂θG] = 0,
where i∗ : H2,1hor(X• → Y•) → H
2,1
hor(K• → M•) is the restrition map. By Theorem 6.23, i
∗
is injetive. Hene the obstrution lass [obs] vanishes.
Note that for bundle gerbes, the existene of onnetions was proved by Murray [42℄.
Another onsequene of Theorem 6.23 is the following
Corollary 6.28. Let X•
φ
−→ Y• be a Lie groupoid G-extension X1 →
∐
ij Uij ⇒
∐
j Uj of a
eh groupoid
∐
ij Uij ⇒
∐
j Uj assoiated to an open overing (Uj)j∈J of a manifold N .
Assume that α is a right onnetion 1-form with Ehresmann urvature ω ∈ Ω2(X1, t
∗K).
1. The lass of ω in H1,2hor(X• → Y•) is zero if, and only if, the band is at.
2. If N is simply onneted and [ω] vanishes in H1,2hor(X• → Y•), then the band is trivial.
And therefore the extension is entral.
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Proof. 1. Aording to Corollary 5.16, the band is at if, and only if, [ωK] = 0 in
H1,2hor(K• → M•) or, equivalently, if, and only if, [ω] = 0 in H
1,2
hor(X• → Y•) sine
i∗ : H1,2hor(K• →M•)→ H
1,2
hor(X• → Y•) is injetive.
2. The band an be identied with an Out(G)-prinipal bundle over N . Hene, sine N
is simply onneted, it must be trivial if it is at.
6.7 Flat gerbes
First of all, we introdue the following denition whih generalizes the same notion in the
ase of abelian gerbes [8, 18, 28, 42℄.
Denition 6.29. Given a Lie groupoid extension X1
φ
−→ Y1 ⇒M , and a right onnetion
1-form α ∈ Ω1(X1, t
∗K) with Ehresmann urvature ω ∈ Ω2(X1, t
∗K),
1. a urving is a two-form B ∈ Ω2(M,K) suh that ∂⊲B = ω;
2. and given (α,B), Ω = d∇B ∈ Ω3(M,K) is alled the 3-urvature of (α,B), where
d∇ : Ω•(M,K) → Ω•+1(M,K) is the exterior ovariant derivative with respet to the
indued onnetion ∇ on the Lie algebra bundle K→M as in Setion 4.5.
Proposition 6.30. 1. Given a Lie groupoid extension X1
φ
−→ Y1 ⇒ M , and a right
onnetion 1-form α ∈ Ω1(X1, t
∗K) with Ehresmann urvature ω ∈ Ω2(X1, t
∗K), a
urving exists if and only if [ω] ∈ H1,2hor(X• → Y•) vanishes.
2. If X1
φ
−→ Y1 ⇒M is the groupoid extension of a eh groupoid, then a urving exists
if and only if the band is at.
Proof. The rst assertion is straightforward. And the seond follows from the rst and
Corollary 6.28.
Remark 6.31. The above proposition indiates that the existene of both onnetions and
urvings on a G-gerbe over a manifold would fore it to be lose to being a G-bound gerbe
(or an abelian gerbe).
The following lemma will be useful. We denote by Adx−1 the isomorphism Γ(s
∗K→M)
≃
−→
Γ(t∗K → M) obtained by mapping a setion σ ∈ Γ(s∗K → M) to the setion x →
Adx−1 σ(x) in Γ(t
∗K→M).
Lemma 6.32. For any η ∈ Ωk(M,K), we have
(d∇
t
∂⊲− ∂⊲d∇)η = [α,Adx−1 s
∗η].
Proof. Sine ∇t is the pull-bak of ∇ via t, one has (d∇
t
t
∗ − t∗d∇)η = 0. Therefore, it
sues to prove the following relation
(d∇
t
Adx−1 s
∗ −Adx−1 s
∗d∇)η = [α,Adx−1 s
∗η]. (92)
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The latter is equivalent to:
∇tuAdx−1 s
∗σ −Adx−1 s
∗∇s∗uσ = [α(u),Adx−1 s
∗σ], ∀u ∈ TxX1 (93)
where σ is any loal setion of K→M in a neighborhood of s(x).
If u = ξ⊲ is vertial, then
∇tuAdx−1 s
∗σ = d
dτ
∣∣
τ=0
Ad(x·exp(τξ))−1 s
∗σ = [ξ,Adx−1 s
∗σ] = [α(u),Adx−1 s
∗σ].
Hene Eq. (93) holds.
On the other hand, if u ∈ Hx is horizontal, and X ∈ X(X1) is a horizontal vetor eld
through u, then aording to Eq. (47), we have ∇tu(Adx−1 s
∗σ) = α([X, (Adx−1 s
∗σ)⊲])|x.
Sine (Adx−1 s
∗σ)⊲ = s∗σ⊳ and α = Adx−1 ◦β, we have∇
t
u(Adx−1 s
∗σ) = Adx−1 ◦β([X, s
∗σ⊳])|x.
Aording to Eq. (48), we have ∇tu(Adx−1 s
∗σ) = Adx−1
(
∇su(s
∗σ)
)
= Adx−1 s
∗∇s∗uσ.
Eq. (93) thus holds in this ase. This onludes the proof.
Let Z(K)→M be the subbundle of K→M dened in Remark 5.19. We have the following:
Theorem 6.33. Assume that X1
φ
−→ Y1 ⇒M is a Lie groupoid extension with onnetion
and urving. Let Ω ∈ Ω3(M,K) be the orresponding 3-urvature. Then Ω ∈ Ω3(M,Z(K)).
Moreover, we have
d∇Ω = 0, ∂⊲Ω = 0. (94)
Proof. Denote the urving by B ∈ Ω2(M,K). When being restrited to the group bundle
K
pi
−→ M , the relation ∂⊲B = ω yields that pi∗B − Adk−1 pi
∗B = ωK(k), ∀k ∈ K.
Dierentiating this relation with respet to k at the identity, and using Eq. (70), one
obtains that
− adB = ω
K. (95)
Reall that ωK ∈ Ω2(M,End(K)) is the urvature of the ovariant derivative on the Lie
algebra bundle K→M . By the Bianhi identity, the relation d∇ωK = 0 holds. We therefore
have
0 = d∇ωK = −d∇ adB = − add∇B = − adΩ .
As a onsequene, the 3-urvature takes its values in the subbundle Z(K)→M .
We have d∇Ω = (d∇)2B = −ωK(B) = − adB(B) = −[B,B] = 0 sine B is a 2-form.
Aording to Eq. (95), the Bianhi identity (52) reads d∇
t
∂⊲B+[α, ∂⊲B] = − adt∗B(α) =
[α, t∗B]. The latter is equivalent to d∇
t
∂⊲B − [α,Adx−1 s
∗B] = 0. Aording to Lemma
6.32, we have ∂⊲Ω = ∂⊲d∇B = 0. This onludes the proof.
Denition 6.34. A Lie groupoid extension X1
φ
−→ Y1 ⇒ M is alled at if there exists a
right onnetion 1-form α ∈ Ω1(X1, t
∗K), a urving B ∈ Ω2(M,K) suh that the indued
onnetion on the group bundle K
pi
−→M is at, and the 3-urvature Ω vanishes.
Reall that, from Corollary 5.16, the band is at if and only if [ωK] = 0 in H1,2hor(K• →M•).
Hene when a Lie groupoid extension is at, its band must be at. In fat, requiring band
to be at is slightly weaker than requiring the group bundle K
pi
−→M to be at.
The following proposition is obvious.
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Proposition 6.35. Given a onnetion on a Lie groupoid G-extension X1
φ
−→ Y1 ⇒ M ,
where M is a disjoint union of ontratible manifolds, then the following are equivalent
• the group bundle is at, i.e. ωK = 0;
• there exists a trivialization χ : K ≃M ×G suh that Fg = 0 for all g ∈ G.
Let X1
φ
−→ Y1 ⇒ M be a G-extension with kernel K
pi
−→ M . Denote by Z(K)
pi
−→ M its
bundle of enters. Assume that G is a onneted Lie group with ompat enter Z(G), i.e.
Z(G) is isomorphi to a tori. Hene the automorphism group Aut(Z(G)) is disrete. It thus
follows that, for any onnetion on the extension X1
φ
−→ Y1 ⇒ M , the indued onnetion
on the kernel K
φ
−→ M denes a at onnetion on this subgroup bundle Z(K)
φ
−→ M .
Therefore, the indued onnetion on the Lie algebra bundle Z(K)→M is also at, whih
implies that its pull-bak onnetion on t
∗Z(K)→ Yn, ∀n ∈ N, is at as well. By
D : Ωk(Yn, t
∗Z(K)) −→ Ωk+1(Yn, t
∗Z(K)),
we denote its exterior ovariant dierential.
It is simple to see that the adjoint ation of X1 ⇒ M on K → M indues an ation of
Y1 ⇒M on Z(K)→M . Thus we have a dierential
∂ : Ωk
(
Yn, t
∗Z(K)
)
−→ Ωk
(
Yn+1, t
∗Z(K)
)
. (96)
Lemma 6.36. The following relations hold:
∂2 = 0, D2 = 0, [∂,D] = 0.
Proof. The rst relation is a general fat for any Lie groupoid representation. Let us prove
the seond one.
Sine the bers of Z(K)→M are tori, for any m ∈M , the inverse image of the exponential
map exp : Z(K)m → Z(K)m of the identity element in Z(K)m is a lattie Lm ⊂ Z(K)m of
maximal rank. This lattie is smooth, i.e. it is generated by smooth setions. The identity
setion in Z(K)→M is horizontal and by Lemma 4.6, a setion of Z(K)→M is horizontal
if and only if its image under the exponential map is horizontal. Hene it follows that any
smooth setion of the lattie L→ M is horizontal. As a onsequene, the pull bak t∗l of
a setion l of the lattie L is a parallel setion of t∗Z(K)→ Yn.
This fat allows us to give an expliit loal expression of D with the help of setions of the
lattie L→M as follows. Choose l1, · · · , lk loal smooth generators of the lattie L→M
on some open set U ⊂ M . Any ω ∈ Ωm(t−1(U), t∗Z(K)) an then be written uniquely as
ω =
∑k
i=1 ωi⊗t
∗li (where ω1, · · · , ωk are m-forms on t
−1(U) and t∗li denotes the pull-bak
of li through t, for all i ∈ {1, · · · , k}). Hene, the ovariant dierential of ω is given by
Dω =
k∑
i=1
(dωi)⊗ t
∗li, (97)
where d stands for the usual de Rham dierential. Hene it follows that D2 = 0.
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Next we give an expliit expression of ∂ with the help of setions of the lattie L → M .
Consider any point (y1, · · · , yn) ∈ Yn. Let (l1, · · · , lk) be smooth generators of the lattie
L in a neighborhood U of t(yn) and l
′
1, · · · , l
′
k smooth generators in a neighborhood V
of s(yn). The adjoint ation of any y ∈ s
−1(V ) ∩ t−1(U) ⊂ Y1 must preserve the lattie
L. That is, for any l ∈ Ls(y), we have (Ady)
−1l ∈ Lt(y). As a onsequene, there exists
a matrix (M ja)ka,j=1 with onstant integral oeients suh that, on s
−1(V ) ∩ t−1(U),
Ady−1 l
′
j =
∑k
a=1M
j
a lj . Taking the pull-bak under t, one obtains that
Ad
y−1n
t
∗l′j =
k∑
a=1
M jat
∗lj . (98)
The restritions of ω ∈ Ωm(Yn, t
∗Z(K)) to t−1(U) and t−1(V ), an be written in an unique
way as ω =
∑k
j=1 ωj ⊗ t
∗lj and ω =
∑k
j=1 ω
′
j ⊗ t
∗l′j , respetively, where ω1, · · · , ωk ∈
Ωm
(
t
−1(U)
)
and ω′1, · · · , ω
′
i ∈ Ω
m
(
t
−1(V )
)
. By the denition of ∂, for any (y1, · · · , yn) ∈
Yn with yn ∈ s
−1(V ) ∩ t−1(U), we have:
∂ω =
n−1∑
i=0
(−1)i(εni )
∗ω + (−1)nAd−1yn (ε
n
n)
∗ω
=
n−1∑
i=0
k∑
j=1
(−1)i(εni )
∗ωj ⊗ t
∗lj + (−1)
n
k∑
j=1
(εnn)
∗ω′j ⊗Ad
−1
yn t
∗l′i
=
n−1∑
i=0
k∑
j=1
(−1)i(εni )
∗ωj ⊗ t
∗lj + (−1)
n
k∑
j=1
k∑
a=1
M ja(ε
n
n)
∗ω′j ⊗ t
∗lj.
(99)
The relation
[
∂,D
]
= 0 thus follows immediately from Eqs. (97)-(99) together with the
fat that the de Rham dierential ommutes with the pull-bak maps (εni )
∗
for all i ∈
{0, · · · , n}.
If Y1 ⇒ M is a eh groupoid assoiated to an open overing of a manifold N , the Lie
algebra bundle Z(K) → M over Y1 ⇒ M orresponds to a Lie algebra bundle over N ,
denoted by Z(K)N → N .
Lemma 6.37. Assume that Y1 ⇒M is a eh groupoid assoiated to an open overing of
a manifold N . Then the ohomology of the ohain omplex (96) is given by
Hn(Ωk(Y•, t
∗Z(K)), ∂) =
{
Ωk(N,Z(K)N ) n = 0
0 n > 0
(100)
Proof. Y1 ⇒ M is Morita equivalent to N ⇒ N , and under this Morita equivalene, the
module Z(K)→M over Y1 ⇒M beomes the trivial one Z(K)N → N . Thus the onlusion
follows from a general fat regarding groupoid ohomology of Morita equivalent groupoids
[20℄.
Now we are ready to state the main result of this setion.
Theorem 6.38. Let X1
φ
−→ Y1 ⇒ M be a G-extension with kernel K
φ
−→ M , and α ∈
Ω1(X1, t
∗K) a right onnetion 1-form with Ehresmann urvature ω ∈ Ω2(X1, t
∗K). Assume
that ωK = 0, i.e. the group bundle K
φ
−→M is at. Then
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1. ω is valued in the enter t∗Z(K), i.e. ω ∈ Ω2(X1, t
∗Z(K));
2. d∇
t
ω = 0;
3. there exists a η ∈ Ω2
(
Y1, t
∗Z(K)
)
suh that φ∗η = ω, and satises
∂η = 0, Dη = 0;
4. if Y1 ⇒ M is the eh groupoid assoiated to an open over of a manifold N , then
there exists a urving B ∈ Ω2(M,Z(K)), and the 3-urvature Ω desends to a 3-form
ΩN in Ω
3
(
N,Z(K)N
)
suh that pi∗ΩN = Ω, where pi :M → N is the projetion.
Proof. 1. Aording to Eq. (71), if ωK = 0, then δKω = 0. Hene ω must take its values
in the enter of the Lie algebra K.
2. It follows from 1) and the Bianhi identity (52).
3. One needs to prove that ω is basi with respet to the right ation of K. Note that ω
is an horizontal 2-form aording to Proposition 6.2. For any x ∈ X1 and k ∈ Kt(x),
let σ be any loal setion of K → M through k. For any vi ∈ TxX1, i = 1, 2, the
elements ui = σ∗◦s∗(vi) and vi, i = 1, 2 are omposable in the tangent groupoid
TX1 ⇒ TM , and ui · vi = (Rσ)∗ui, i = 1, 2. Then the relation ∂
⊲ω = 0 implies that
ω|k·x
(
(Rσ)∗v1, (Rσ)∗v2
)
= ω|k·x
(
u1 · v1, u2 · v2
)
= ω|k(u1, u2) + Ad
−1
k ·ω|x(v1, v2) = ω|x(v1, v2),
where, in the seond equality, we used the assumption that ωK = 0. Thus it follows
that ω is basi. Hene there exists a η ∈ Ω2
(
Y1, t
∗Z(K)
)
suh that ω = φ∗η.
Sine the groupoid morphism φ : X• → Y• ommutes with their ations on Z(K)
φ
−→
M , it follows that φ∗∂ = ∂⊲φ∗. Thus we have ∂η = 0 by Eq. (53). On the other
hand, we have 0 = d∇
t
ω = d∇
t
φ∗η = φ∗Dη. It thus follows that Dη = 0.
4. It follows from 3) together with Lemma 6.37.
Remark 6.39. It would be interesting to ompare our denition of urving and 3-urvature
with the one dened by Breen-Messing [14℄. It is lear that our denition redues to the
standard one in [42, 28℄ for bundle gerbes.
6.8 Connetions on G-entral extensions
We now study onnetions and urvings on Lie groupoid G-entral extensions. By Theo-
rem 3.12, for any entral G-extension X1
φ
−→ Y1 ⇒ M , there orresponds a Z(G)-entral
extension X˜1 → Y1 ⇒M so that
X1 ≃
X˜1 ×G
Z(G)
, (101)
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where Z(G) ats on X˜1 ×G diagonally: (x˜, g) · h = (x˜ht(x), h
−1g), ∀h ∈ Z(G). Reall that
X1 is a G-G prinipal bibundle, where the ations are given, respetively, by
g · [x, g′] = [x, gg′], [x, g′]g = [x, g′g].
Denote by pi : X˜1×G→ X1 the quotient map, by pr1 : X˜1×G→ X˜1 and pr2 : X˜1×G→ G
the projetions. Also, denote by τ : X˜1 → X1, the embedding dened by x→ pi(x, 1).
The following result desribes the preise relation between onnetions on these extensions.
Note that in this ase Ωm(Xn, t
∗K) (resp. Ωm(Xn, t
∗Z(K))) an be naturally identied with
the spae of g (resp. Z(g))-valued m-forms on Xn. Denote by θ the left Maurer-Cartan
form on G.
Theorem 6.40. For a groupoid entral G-extension X1
φ
−→ Y1 ⇒ M , there is a one-
one orrespondene between right onnetion 1-forms α ∈ Ω1(X1, g) whih are also right
prinipal G-bundle onnetions, and onnetions α˜ ∈ Ω1(X˜1, Z(g)) of the groupoid entral
Z(G)-extension X˜1
φ
−→ Y1 ⇒M .
Proof. Assume that α ∈ Ω1(X1, g) is a onnetion 1-form for the right prinipal G-bundle
X1 → Y1. It is simple to see that τ
∗α must be Z(g)-valued and α˜ = τ∗α ∈ Ω1(X˜1, Z(g)) is a
onnetion 1-form for the Z(G)-prinipal bundle X˜1 → Y1. Conversely, given a onnetion
1-form α˜ ∈ Ω1(X˜1, Z(g)) for the Z(G)-prinipal bundle X˜1 → Y1, pr
∗
1 α˜+pr
∗
2 θ ∈ Ω
1(X˜1 ×
G, g) is basi with respet to the diagonal Z(G)-ation. Hene it denes a 1-form α ∈
Ω1(X1, g) suh that pi
∗α = pr∗1 α˜+pr
∗
2 θ. It is simple to hek diretly that α is a onnetion
1-form for the right prinipal G-bundle X1 → Y1.
Now we have
pi∗∂⊳α = ∂⊳(pr∗1 α˜+ pr
∗
2 θ) = pr
∗
1 ∂
⊳α˜+ pr∗2 ∂
⊳θ = pr∗1 ∂
⊳α˜,
sine θ is a left Maurer-Cartan form. Hene it follows that ∂⊳α = 0 if and only if ∂⊳α˜ = 0.
Therefore the onlusion follows.
We end this setion with the following important
Corollary 6.41. 1. There is a one-one orrespondene between onnetions α on the
entral G-extension X1 → Y1 ⇒M suh that M ×{g}, for all g ∈ G, are horizontal,
and onnetions α˜ on the entral Z(G)-extension X˜1 → Y1 ⇒M .
2. The form B ∈ Ω2(M,Z(g)) is a urving for α if and only if it is a urving for α˜. In
this ase, their 3-urvatures oinide.
3. There is a one-one orrespondene between at entral G-extensions X1 → Y1 ⇒M
suh that M × {g}, for all g ∈ G, are horizontal, and at entral Z(G)-extensions
X˜1 → Y1 ⇒M .
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